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UNIT 5 

■'J 



REAL NUMBERS ' . , \ 



In your study of mathematics you hafve used se^ieral number 1 
systems. You be^n with the counting numbers, and J>robably knew a \ 
good deal about these numbers before ybi;^entered th^ first grade in| 
school, ^ese niimberB are so familiar that it is easy to overlook'': 
some of the, ways in which the system of counting nuiljiber^ differs 

from other systems, - Consider the tj^llowing questions: 

" ■ . ■ ' \i ■ . . ' ■ ' 

. ' ' ■ . • ■ 1 ■ '\"v,' 

(a) Think of a particular counting number. 'Iflhat is\the next 

'■■ ' . • ■ ■ ■ * ■ \' • " 

smaller counting number?, th^ ' next larger? If n represents. a 

counting number, what represents the next smaller coTjinting number? 

■ • ■ ' ' I ' ■ ' U 

the next larger? / . T ' . 

(b) ' Is the're a counting number which cannot be j used as a 
replacement for n in 'your answer to question (a) ? Swhy?^ ; ? 

(c) Is there a /smallest counting number? a largest? l| so, ' 

■ ,. S ^ ■ : . 1 ■ ■ ■V,-- ^ 

what are they? • ' . v i : ,• — 

. ^ . V ~" ■ i ■ • • " 

(d) Under what "operations is the set of counting numbers 

closed? not cflosed? Give illustrations, 1 

(e) 'VJhat two operations are defined for the counting pumbers? 
What two operations are defined as J.nverses of the flr^ two? • ' \ 

(f) How many counjfciag numbers^re there between Q and 11? 
between 3G02 aSnd 4002? between l68 and 16^? Between a.ny two 
counting numbers is there always another countiTig numbet*? 

©lis year you have studied a new set of number^, the integers, 
^e'^et of integers contains the set of coimting niimbers • (called 
positive integers). The negative integers may be defined in €his 
'Way: If a is a' counting number, then (-a) is a number such that ' 



a + (-a) « 0, What Integer is neither poslrfJive nor negative? 

^ • - ' ' ' 5-i . ' tipnal Numb€i5»s - 

\ ' ■ • . / ■ ' 

Ihe set of* Integers Is contained In another set of nwrabers^ 

whicfi' you have' studied, the rational nikibeps. As you know, the^^set 

of ihtegers is adequate for many purposes, such as reporting the . 

• • * ■ ■ 

population of a country; /'the number of dollars you*have (.or owe)*; 
the number of vertices in a triangle, and so on. , Wie Integers alone 
are not -suitable for other purposeS| particularly fo^ use in * the . 
proce'sp-'Of measu|*eraent . If we had only the integers to ^se, f or 
measuring we would have to invent names f or sufedlviVsions of" units. 
We d'fe this to some extent i we speak either of 5 feet 4 inches, or 

5"i feet. But we do inot use a' different name for a subdivisloh' of 

■ 3" ' - ■ ' V ■ ' ■ 

an inch. Instead, we use -rational nvimbers, and speak of ,7'^ inches * 
or 5.3 inches. If we had only the- integers, we could never speak / 
|Of 3 ^ quarts-, or 2.3 miles, * or 0. 001 inch. 

'Recall that a rational number may be defined as one^ which is 
the quotient of a whole number and a counting number. Ihus, a 

'rational number may be named by the fraction symbol 2 , where p and 

■ ' ■ V - . . ■ ^ . ■ - 

q are integers,, and q 0. - 

Just as there is a negative integer whirjh corresponds to each 
p-ositiVe integer (or counting number), there! is a negative rational 
number- which corresponds ^to each positive rational number. 

You have already studied the properties of rational numbers, 
which may be^ summarized as follows': 

r Closure: If a and ' b are rational niimbers, then ' a + b is 

J ' ' ' ' " . . . - * ' 

"^rational number, a- • b is a rational number, a.- b is a rational 

. * j ' 

number, and .| is a ra.^onal jpumber if b ^ 0. 



. .. ■ . , 

• Coramutativity:. If a and b are rational numb^ers, then 
a + b « b + a, aijd a\* b.= b • a. ■, , 
, Associativity: If a, b/ and c are rational numbers/ t\ien 
a"> (b + c) a (a + b) + c, and a.*(b • e>.» (a • b) • c. * 

Identities: If a is a rational number, then a + 0 » a, and 

- ■ , . ■ ' ' • ■ "'-•,„- 

•a •■ 1' « a. ■■ ^ -\ ■ V .. . • ' 

Distributivity: ^ If a, b, and c aY^ rational num^be'^s, then 
a • (b + c) = a • b. + a r c, f ' , * ' . - 

■ Additive Inverse: Jf a is a rational number .-then there is. 
a nuffi'ber (-a) such tj^t a + ]^) » 0. . ' , *' * <-\ 

- Multiplicative inverse: If a is a i^tional number and a ^ -0, 
then there is a number b, such .that "a . b * 1, ^^ • ' 

Order: If a and* b are different rational numbers,, then ' 
either a > b, or a < _ , " ' . 

Class Discussion Eicercises 5-1 ' 

1. Answer questions (a) to (d), replacing "counting number" 
by "negative integer", .* , * ' 

2. V/hat set of integers has eicactly'the same properties as 
the. set of counting numbers^ ^ ^ 

.. a. Express the Toll^ing numbers in tbe form +1 2; 

(a) 5 I ^-(b) 12 (c) (8 - |a) (-7 + |) .(e) 72 (f ) 0 

(S) 3 I (h) A7 (i) r| U) (6 + f^*) 

^ Recall that the jsame'^i^tiohal number may be nam^d in vari-^ 
ous ways* Find a different name (which is also a fratJtionV for each 
of the rational numbers in problem 3. • 



A 

152- ■. ■ . ' \ : . ■ ' 



. 5. • Whioh of the rational numbers in ProbXem 3 a«!e Integers? 
positive integers? ' . - . * 

6. How can. you tell whether two fractions repreien1?\ the same < 

rational ntunber? State two different ways, • ■ 

p * ■'- • . 

?• fiecall that the simplest name for a ^tio^l number S is 

■ / . ■ ■ ■ ■ ■ ■ ■ ^ • . ■ ■ . «3 

the one In which p and q ^ have no common factior except J.. What 

is the simplest name for each of 'the rational- number^ in problem 3? 

8. If 2 -Is the simplest name* for a, rational number Which is 

also an integer, what must q be? ... 

' - • ' , 

9.. For each of the numbers- in problem 3 , tell of what two 

integers the rational number is the quotient. State your answer*^ 
using the division sign " » 

. 10. Is there more than 4he set of correct answers for problem 9? 
II,* Look at each statement be 1 01^ and tell ^hlch of the proper- 

ties it illustrates. . " 

2 5 1 1' ' • • 

%. a. " 3 + 5 * and g is a rational number. 

b> , g + 0 = |. , , ■ ' 

c. 1.. (- \) = - 1-.. • • - , : .. 

{ - |) • i - |) « + ^9 and + |5 is a rational number. 

2 . /I In _2 . 1 ..2 . X- ^ ' . ' ' . ■ , 

.3 l3 ^ 2) ^ 3 3 3 '5 

f 0 • . — 



6- ( -!) •( -!) i-l)-(i) 

^- i.-(-f) =(.-1) I r ■ \ 

, 2 / 1. i i \ 72 . 1 \ . 1 



10 



'5^ : X . .^ / ) ' 153.. 

12. Which of the properties s^ted for rational numbers 
does not hold, for the set of Integers^ Illustrate egtch property 
which does hold.v-^ , '\ • . 

13*. Which of the properties do not hold for, the positive Inte- 
gers? Illustrate each property, which holds. 

• • . • ■ y 

1^. Give an Illustration for' each of the properties stated for 
the rational num^bers^ Use some positive and som^ negative numbers- 
in your fl lust rat ions. 

• ■ ' " . •• ■ ' • ■ . \ - 
15. What is the additive inverse of & What is Its multipil- 

cative' inverse? What is another name' for "muj|tipllcatlve Inverse"? 

5-2. Density Of Rational Jtober a 

* ■ 

One ojf the observations you have made about the integers is 

that. every integer is preceded by a particular integer, and is 

followed by a particular integer. Ihe integer which precedes -8 Is 

-9, and the Integer which fpllows 1005 is 1006, In o*^er words, if 

n is an Integer,' then its predecessor is. (n - l), and- its successor 

* • ' " , . - 

is (n + 1). ' ' * . > 

■Riis mear^s that on the' numlper liJ*ie there are wide gaps between 

the points "^hich correspond to the integers. 

-J I; J _J ' « .J 

-3' ~2 -I 0 r . 2 3 4 



■ Now consider the rational numbers^ and the points oh thf nimibe, 
line to vdiich they correspond. ^ Such point,s are called rational 
points . Oci the number line below are showti the 'rational points 
which may be represented by the fractions with denomlnat.ors 2, 3, 
and. 6. ■ ■ \ ^ . . 

1 '»« I ill I III I iti I il> I ih i t h J III 1 i lr Till 1 111 I iti 1 Ml I til 1 
-3 -2 -1 O I 2. '34 

' ' ' , Figure 5-2 ^ 



/ Exerclges 5-2a 

'■ - . . »■ ■ . ■ • 

1. In figure 5-2, find the points which correspond to 'these 

n^bers: '.5, -4, -3, r^* -1* 0* l> 2, a, ... 

\ 2# Find the points that correspond to these nxambers: 

* * . « ■ . 

3. Werfe any of the points in problems 1 and 2 the same point? 

If so, which ones? . « 

*. ■ • ■ ■ . V 

Suppose there are already located points for the ratlona"! 

numbers represented ,by fractions With denc^na^ors 2, 3, 4; 5, and 

^ , r , ■ 

6. You then Ipoate joints represented by fractions with ^ienomlJia- 

~ ■ « ■ • * • . ■ •' * " . ■ - - 

tor 7. How ma^y new points {not already located) for sevenths will 

■' » , t ^ ■ ■ 

there be between the points for the intiegers 1- and 2? Between the . 

points for 3 and 4? ( • ^ ' ' 

♦ . - . ■ — ■ ^ . ■ ■■ • ■ 

• 5. Suppose ^ihat then ydu locate points for fractions with 

denominator 8.' How many new ^ints will there be between the points 

for any two consecutive integers? ■ 

6, Consider all ratfenai points ^between 0 and 1 which are 

' ■ . ■ * . ■ - -■■ • * 

named by fractions with denoainators 1 to -8 inclusive.! mese joints 

' ■ * . ' ' - ■ 

are named below, Bie'- first row shows the fi^ctiQns with denominator 

1, the second row the fractions witJi denominator 't^ie ^hi-rd row • 

■ ■ .■ • ■ • ' ■ ■ ' 

fractions (for new points) with dehominatpr 3, 'and so" on. 



(a) Why is ^ mi t ted 'from the row for .thli^s? - 

(b) Why is I omitted from the row for, fourths? 

• '(c). Why aH*e there more new points hamed in the raw for fifths . 

.'"».•'•. * ■ ' 

and in the row for sevenths tilan_in the row for Sixths? . * 

7. rational numbers named ^n problem, 6 are- ccanbined in* . 

one--row below, and listed in order fr<^ spall^st to largesti • * * . 
.01.x 1 • 1 ■ 1 2M 3 2 3 1 4.3 5 "2 5 3 4 5 6" 7 1 

T B 7 -^ J T. 7 I.H 5- r ? 7 r'T f f 5 § 7 i» X * 

Jbcplain\why the first six'f ractions should be' in the 6rder shown 
the last s^x fractions., ^ - 

-8; The, row of frabtiohs (afid the set of rational points^he 
fractions name) could :be increased. by inserting next the fractims 
with denoh^nator '9, then 'the fractions with denominator' 10, ari& so 
on. How many new points would be named by fractions with 'denomina- 
tor ^? With dencaainator 10? With, denominator Ip^ ^ ' ^ 

. . " - ' . / 

9. W5a^ kind of number as,denbminaiiQr-^ems ^;o name tjhe 
largest number of points not already named? Why? 



We inay f Qllow a - different -methpd for nanHns and Xobating new 



points, Consi4«r i>oints fbr^tihe fractions « and i, Ve assmrae' that 
a point *ialfway between these pcahts sh6uid,.cqrr^spond to the ratloh- 
al,. nOfflber halfway between g and *. - that;,is, t^ their average*. Is. 
th£g 



assumption reasonable 

1.1 ^ 
8 

J 



Verlj^ the "£ollowlng computation : 



8 **■ 7 



8 . 15 
5^ W 



15 

5^ 



15 



1 1 * 

The average of g and ;^ is 



X5-. 



Are the differences Of 



15. 
Il2 



the stfit^ent. 

7 " 1 




1 . 1 

fv^ ^ and g the same? That is, is 
^ a true, statement? 





1 



- 1 



15 - 14 
IT? H? 



1 



. : ' ©lus the point corresponding would be th^ same distances 

•■ 1 . 1 • •> t 

from- the points for j and In other words, it would be this ftiid- 

" • ' . . ■* " ■ ■ 1 ■ 1- ' • 

point of the segment yrith end-points g and | • 

^ finding mid-points in this .manner it is possible to name a 

point midway- between each pair of consecutive points named in the 

row. of fractions in problem 7 of Exercises 5- 2a. • 

* 10. • The names' for. some new points found 'in this way are shown . 

below., written below and between the fractions used for finding them. 

Find names for some more new -points in' the manner described, wimt 

'fractionr^names the point midway between i a!hd i? Between i and 2? 
; ' - g / . , - ^ ^ ' 5. 7 

^Between - and i? ■ ^ 

; 7 8, 



0 
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0 1 i 1 1-i 1 1-3 ^ lis 2 ,1 345 6v T 1^ 

' ^ X 15_ . * • 17 ' its - U , . 



XI. If you found all th^ new points in' this row that could'. be 



found in this way, how many would you find? You would then have a 

' '•• . . / ■ • , . ■ ■ .■ . ■ 

new row of fractions, whi<?h would begin as follows: ' ' 
Y 1^ B" TI2 7 * /^hls 'process could* be continued ' 

indefinitely, Yotf could find points between J and |g ,^ between ^ 

and a, between *. and^ ^*5# and so on, ^ 
1^ . 8' 8 112 ^ ■ 

Tllie discussion above suggests an important property of the 

raiJionai poim;s on the Jiumlser line* IhXs Is the property of density: 

Between any tw6^ distinct rationals thei*e is a third rational , This . 

means that the number of rational points on any .segment Is unlimited; 

no matter how many points x>n ar very small segment have been n^^ed, 

it is possible to name as many more ds yoti please, • . . - " 

Exercises 5- 2b . * * • 

■ 1. Are the integers dense? Ihat^ is, xs there always a 'third 

t ■ %. ^ - * 

integer between any two: integers? Illustrate your answer. 

■ . ■ ■ ' ' » • ■■/ . • 

2, Is there a sisallest positive integer? a largest? 

3. ' Is there a. smallest negative integer? a largest? . - . 



4, Is there a smallest' positive i^tional number? a largest 
ne^tive* rationajl -inumber? 7 . ' 

5, Ihink of the points I'or O and on the number -line. 
Name the rational |>oint which is halfway between 0 and -f^. Name 
the pelht hffifway between the point you named and 0, 



ERIC : • . • * 



•4 



• 6, Could you continue to find other rational points in the 
manner desc^ii^d in problem 5? , ' - i 

, 7.. Think of ^ the se^nenf with end-points T?^^» 

Show a plan you' could follow to name as laany poijits-^s yo^^ please 
, ■ * . ^ • . ' - , ■ ' ■ ' 

on 'this se^ent . use your plan to name at least f^vq^ .-pointsv- 

5-3'. ^ratidnal Itoberi' . ; 
You Jaiow th»^:'in mathematics a line is thoi^ght of ^ a set of 
points. On the number line,^^many eve^y "spaeed poi^t^ correi^pond 
to the positive lind negative Integers. ISiese points deteriftine a ' 
set of line segment^ whose ehd-points correspond to the integers. 
/ On any one of i these line segments, such ^s the 'segment with end- 
- points 3 and 4, it is pj>^sf&lye to name as many i^tional^oints as 
you pleased' ' . ! . ^/ 

pven though the rational points are dense, are thjgj^ still 

other points on the f^umber line which can not named by rational 

_ - , V. ■ .. ■ - ■» ■ 

■■•numbers?. • - 

Here is a ^ way to find such a point, geometrically. 

: / ■ " •• ^\ ■ 

a. Draw. a line and on it lay out a number line.*- ^Call the 
point 0 point A, and the poi»t 1 point 
> ^b. . At B, construct a ray -m- i5erpendicular.to , 

c. On m la^ of f a line segment BC, one unit long, ^ 

d. Draw segment AC. 

e. With A as center and radius AC, draw a circular arc. whicte 
intersects /*, Call the point of intersection point D; 



ERIC 



. No\^ aonsider t^o questions.: ' , 
* ( X ) To jnhst number { if any t does -^int B oorrespond? 
(2) Xs this niambes a rational -number? 

Collider the fi]*st question^ "To what number does |K>lnt' P coz*re^ 
i spond?" First find tlie length of AC, since Ko and ^ have the same 

^.^^^^^^ 

ixnmber line., In Figure ^3, what kind of triangle is triangle ABC?\ 
What is the n^sure of Jb?- of. BQ^ What property can be used to 
find 1;he measure of AO? Explain the fpllowlng statements; 

AC^ • BC^ - + AiB^ • 

• ''• AC2 .^l2,: ,+ l2 _ ' ^. ' \ ... 

AC *y2* 8^ ^ ^ 

' ' ■ AB -v^. The«ro«, the point P correaponas to the 

number V^. ls ^/2 a ratiojiai number? ' Is it the quotient of two 

Integers, and can It be represented as a fraction in which p 

and q are Integers and q ji 0? ^ 

To answer this question, we shall follow a line of reasoning 

—whl^ mathematicians {aiid other people) use very Often. vWe 

- shall a8ti(UB» that '/z Is a rational nuiQber, and then show that this 

leads US to a conclusion which could not possibly be true i and that, 

therefore, the statement " ^2 is a rational, number'* must certainly 



o 
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be faXse. * ' , . ' • ' 

B^foi»e we begin we neecl to recall certain- properties of numb^r^ 
and of squares and square roots of numbers.,^ '^^^-^ '■ * 

1, If a is an Integer, then a^ ia an integer. ^ 

2, If a «b2, then b 4s the square root of a ( writ ten yi"). 

' • ' ■ ■ . ' ■ ■■ .' * \ ' ■ 

3, An even number is an integer which has, the factor a. Any 

even nuciber may be written in the form 2*n, wA^re n is an . 
-integer • , , ' ' ; v : ^ ^ 

4, An odd number is a number which is 1 greater than an even 

• number. Any odd number may be written in the form (2»n + l), 
where n is an integer. 

5, ^ square, pf an even number is an even number. The square. 

' ' . ■ ■ ' . V ■ 

■ bf an odd number is an odd number. • 

6, If the square root o;^ an evert n\imber is an integer > then it 

^ is an even integer*. (If it were not. even' it would be odd, 

/ ■ * ^ " ' ■ , . •' 

/ and then it,s j-squ^re would be odd.) ' v 

T. The simplest name for a rational number 1§ a fraction 2 m 

•■ . . q 

•which p and q are- integers, q ^ 0, and- p^and q have no 
common, factors except 1. 
Fin^ illustratic^s for these properties, you are sure that 
ybu understand them, ' * 

^ >I^ Not a I^iMonal , Jtober ' , \ 

. Is a rational number? Assum:e that >/2 is a rational numbS 
fljien ^/s = |, where 'p'and q are integers; q ^ 0, and take | as 

the simplest, name for the number.^ . 

■ ' ' ■ " • ■ .. ■ ''' '2 ^ " ' • 
If 'Vi- "|, then 2 » -g ' * 

and p2 • .2 q^. Since p and q are integers ^-Jfenen p^ and q2 are 



, integers • • ^ ^ ' 

y Since p2 * 2 q^, then is an even number* 

So p 'ds also an even number^ and may be writtien as 2*a* ^fthei^ 
a /is an integer • * : . 

' , * and^-a»3*a 2«q^ 

and 2**(2^a^) « 2*q2 . 
V and 2*a? » <^^.* Hiis tells us than; is an even number, so q 
is al-sp an even number-.- AncJ. we have already shown that p Is an 

even- number • v ' . ' • ' ' 

■ • ■ , ' ' . ■ " ^ ' •'• >. ' ■ ' 

Ohus our assumption that is a rational number with its 

simplest namtf has led us to, the^ conclusion that, p and q bdth have ' 

" - ■ * 

. the factor 2. Ohis is impossible, since the simplest name for a 
^rational number is the one in which p and q have no ccanmon factor 
other than 1, So the statement " is- a rational number" must be 

■ false, ■ ,. . . ■•; ' . . ,. • . . ' 

. ' ■' ' ' ■ • '. • > 

Explain which. property justifies each statement in this proof. 

. Since the measure of segment AD in Figure 5-3 is V2, then a/? 

must be the number which corresponds to point D, It has' been shown 

is hot a rational number, Ihferefore, there is at least 

this one point 09 the niaiiber line which corresponds to some number 

which is not a rational number. In other words, even though the 

.rational points are dense, the set of points on -the number line con- 

t»ins_m<>m>^t^t#*^than there are rational numbers. 

A number like Vi", which is not a rational number, is called an 

irrational number^ - Bo you see the word "ratio" in the word"' "ration- 

al"? Hie prefix "ir" changes the meaning of "iTational" to "not 

'i-ational." --^ \ 



162 : ', ■ ■ --^ ■ . ' . 5-3 

• Exercises 5-3 . " 

• 1» CbnstructJ a figure like figure 5-3, ana label point P "V?". 

. • '*■•■.'■ ^ ■ - 

ISien Use your ccsnpajSs to liocate the point wh3«h corresponds to the 

number '( ^v^), and 18tla©l It, . - 

. • ■ ■.' ' - '■. ' ■. ' • 

2-. lay out a nuiiber Xlne, using a unit of the s^e., length as 

' ■ " ■* • • ■ ■ ", 

the unit in problem Call the point* 0 point A, and the point 2 
point E. At E construct a line segment perpendicular to the numbed'* 
line alid 1 unit in length, and call it SF. Draw AF ,. What .is the • 

* ■ ' ■ • » 

measure of se^aent AP? ^ , • - ' 

■ ■ - ■ ( : : V-'' 

,3, Use the drawing for problem 2, arid locate on the number line 
the points which, correspond to and * -s/s* I^bel the points?. 

4, Do you^ think>/5 is a rational number or an irrational number? 

♦5. Using 'the same method ^s in proSlems 2 and 3, locate the 
pbiht -n/s. Can you work but a way to locate the point f 6r Vt^? i 

6. Locate the points whioh correspond to the se. numbers ; 
(2* V^)j (3* v^)j ( -S-Vi* 

7, Do. yoU think that {2 V^) is a rational number or an irra- 
tioiml ntimlE?er? 

' *8» BRAINBUSfER. Prove thatV5 is an irrational nianber. ' 
Biumerating the Rationals . . 

. €n the preceding section it was ^oved that is not a rational 
puraber. Moreover, 1^;" appears that there are many other numbers, 
such as yJ, 9/5, and also ir which are not actionals. If you 
think about the rationale and the irrationals a bit :|ove see that , 
there are many "more" irrationals th§n ra'tiona;ls. For example, . 
eveiY nwber of the form | ^V?", wfiien g-is ratjiCHml, will be an irra- 
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tional. Hence the 8et|| can ^be put Into 1-X correspondence 

with the set of j^tionais^J. !fet the set f a Viv is obviously 
only a _ very small- part of the irratloi^lsl *' ' 

indeed, we ^ have suffered a great disUlusionment - the ^tionaX 
numbers, despite beini^ dense on the number line, actually leave 
ea^ty more positions than the filll An even worse shook to our 
intuition^ perhaps, is to find that we can -so easily construct a 
line segment v^ose length is not given by a ratitsml number. ' 

■ ■ f< . ■ ■ • , - - •., • ■ .V 

In fact, one Of • the really importatit distinctions between the 
ratiofial number system and 1the system of irrationals is that you' 
ckn show how to display or enumerate all the rationals. Che scheme* 
is to proceed as follows. Write the ai^r^y • - 
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Clearly ^ite. can find the pgsltive rational .-in the 4th column 
at the fifth row^ In what row and what column would you look for 

^he i^tional 9?- Por 3 ? por £ ? * 
, ' ' 10 17 q 



■ ♦ 



2(1 



Xn -order to envimera'te the poaitive r^tionals in a systematic 
fashion we could proceed as indicated by ^e snaky line, starting' 
with 1 and pr6ceedlng successively down tbrc«4gh the array. The " 
negative rattonals can be described a similar ar7^y> and ^erck 
can easily *be added. . * ' ^ . , v ■ •* 

^4."^ Decimal itepresentation for 
Numbers like t and ^2. correspond to points- on the number line* 
they Specify lengths of line segments and they satisfy our natui*al 
notion of what a number is • Perhaps the most imusual aspect about 

is the my it was defined: n » >/2 ie the positive number 
which when squared yields 2, so that' 

This differs frfsa our previous way of def lining numbers, since up 
to now we .have dealt'- mainly with integers and numbers defined as 

* 

ratios of integers. / 

• ' ' / » ■ " /~ ■■ 

, In order to 'help us ^in a better tinderstandlng of v2 w^ shall 

iQok for a - new way of describing -s/? in term^ of more familiar notions . 
If, for exan^ie, we could somehow e3cpreFS-=-^/2 as a decimal this 
would help us to ccso^re it to the jTatlonal numbers .we know. It 
would also tell us where to place it on tie numbef line. 

Let us think about the definition of the number n ^^/2, namely 
n? « 2 or ( -/ijS - 2. If we think of sqiiaring 1 and ^ we note 
immediately that 

1^ < (y^)^ hence 1 < V2 < 2 

This tells US that v2 is greater than 1 and less than 2, but we 
already knew that. We might try a closer approaclination by testing * 
the squares of 1.1, 1.2, 1.3, i;4, 1.5. A little arithmetic of 

. . .. / * ^ ' . ' ' ' 
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of this sort (try it/ it is good for^'your spull) leads us to 

■'. •■ . . ■ • ■ ' 

:result - . . ■. • 

' . - , ■"■ . ■ • v'" ■ .. ■ 

. 1.96 - (i J)^;< (V^)^ <-(i.5)^ - S.S^^and thei»^ore we 

, CQnciude"~that-; < < 1.5; ' * 

!Jhp- arithmetic involves a little -m^ at the hixt stage 

♦ but We see "with la litt^le moxje corrtputation that 

'1.9881= (1.41)2 (/1)2^ < ' (1,43)2 « 2.0164', \ t 

H and therefore 

■ ■■ 

: • 1.41 <y2 < 1*42^. • ' 

Vlf we try to extend the process' further we ge^ at the next stage 



1 



0 ' ^ 

1-414 < Jz < . 1.4\5, 



You caijp^ee that this process c^n be continued as long 'as our / 
enthusiasm lasts* and':gives a better decimal approximation at* ever^f'. 
stage. If we corxtihued to 7 place decimals -we would .find . 

1.4142135 < A^i" < 5., 4142136. -Ihis is a very good approximation 
to ^/ tor (1.4142136)2 « 2. 00000010642496. ^ 

my • ' . * 

the use of the defining property, n2 « 2, .then, we can find 

^ t : ... 

decirnal approximations for v2 which are as accurate as we wish. 
We are led to write 

. ; • VFfc 1.4142135 .-v ^. / 

where th^ three dots indicate that the digits continue without ter- 
miiiating, as the process above suggests. 

Geometrically the procedure we have followed can be described 
as follows in the number. line. Looking first at the integers of 
the, number; line on the segment from 0 to 10, we saw that would 
be Between 1 and 2. 



A. 



ERIC 



fenlarglHS OUT view of this interior (by a tex^oia inagniXication) 
we eaw that '-Za is on the segment with ehd-ppints X,.^ ana 1.5 



* — I— — I— ^ — 



1 • ' ' ■ . ■ , ■ ^ *. . . 

and "magnifying ^his j>icture, VT life s. within tiJe interior * 

- ' ' J — t { i » — t — I — -J 

t.40 1.41 1.42 I.4S V i'^f ''^ , ' 

ixd so on tiir the 8th stage shows us that ISte^ between 



a 

1,4142135 and 1.^^142136, 



■ 1 t I 1 i m — I. 



l.4l42rS0. I.4I42I36 . - I.4I42I40 

I "•»■■■ ■ . 

^Riie process shows us how^toi read off the .sucQessiVe digits in the 
decimal representation for At the sai|e time it giveis a to 

deC4ne the "position of the point inrtH^N^al line. , * - 

When we: write the number -s/s as !• 4142135 ... it look'd suspi- 
[ ciously like many rational nmbers we have seeiv s^h asN 
I - .-3333333 | « .U285714 ^ 

We pause to ask,'how^are they different and how can we tell a 
rational from ah irrational ntanber when* we see only the decimal 

4 ■ . * ■ ' ' ' 

reppe8entation% of the numberis? 

• • • 

Exercises 5-4 - - 
. Betwe^ what two integers are the following irrational numbers? 
{^&»ite yoiir answer as suggested for 'problem I.) . 

1. -n/SO I -Jl^ <V30 ] - 

2. \ ' • 



."■A . 



1 
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4, VlfaSO (Hlnj:: 'taSO Is "IS.So.ieS, go beglh estimating by thlnK- 

5. - ,. ,"• : , ;■■ - , • ■< ■ \, ' ■ ' 

6^^ind slmpliit names for 

(a) { V^l^ 

(b) ^1,732)2. • 

(d) Find the difference between your answers for parts (a) and 
(b); find the difference between your answers for pa;c»ts 

^ (a) and,{c). * ' 

(e) Oto the nearest ;thcm^nath wh^t is the best decimal^ expres- 
slon for ^/J? - . 

; V^ich of the decimls suggested is the better. approximation of 
th6 following . irratioi^l ntanbers ? 

7. / -yj: i.73 or 1.7/ 

8. ' v^: 3.87 or 3/88-' 

9. * >/637: 25.2 or/25.3 

Find, to the ne/airest terjithJthe nearest decimal expression f or 



these Irrational x^umbers: / 

10. VTo 11. ^/Hg ■ 

*13»-^ For what number n^ is n = 10? 
*14. For* what number h^.Us n « 11^9? 



12,-v/2$i 



J 



5-5. I>ecimal Representations for the Rational Numbers 
Some rational numbers are almost immediately convertible tO' 
decimal form. . We know 'how to\write, by inspWtion, 



1 



.25, 



i 
8 



.125, 



5 = .2, ' L « .04 



\ 
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24 



115 
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.008-, and 



>lso i| ,^Sj^ |3 ^J2.)d^, 75 = 9.375- 



Rationals" of thfs form can easily be expressetii as temlnating ■* 

■ •• . • ■ . " ' ' ' . .. . . . • * 

decimals.* 

j. * For other latlonal numbers, a deciiaal expression may not ge so- 
obvious but we can always obtain it by the usual process of divisiofT.. 

^ ^or exai^le ' * . ' • . , . 

' ■■ 1 ' 8 * * ' ' ' ' 

2 =s ,33333 3 ~ 2.666666^ ^ 

i = ,,142857142857142857 ... / 



1 

II 



.09090909 



- .07692307692307692307 .. 



123 



8.7857142857142 ... 



©je examples we have discussed seem to suggest that the decimal, 
expansions for rational s are either teiwinating (like g = .5)/or 
non-temiinating but repeating (like .333^333 ...). What would 
be a . reasonable way to inv^tigate such a question? Since we have , _ 

; used the division of numerator by denominator to ,obtaii^ a decimal 
representation we might stud^- carefully the process whicl|' we carry., 

«< out Xn such casQS. , • * 

* Consider the rational" number 7/8* If we carry out the indicated 

* ■' . ' . . » 

division in dectenal form we write 



ST 



.075 

7.566 

6 4.. 

, 56 
To 
40 



remainder 6 
remainder 4 
remainder 0 
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. In dividing by 8, the oniy, remainders' which can occur are 0, 1> 2, ' 
3# • ^, 5,^ 6, and 7. Ihe^or^iir reiaainders whi-ch oecur- Were 6 afc * V 
thie first stage, thei^ 4 artdrfinally 0..;*V&iln the'f^emainder^O occurs 
the division is exact, tl:ie process terminates and the r^ional num- 
ber has a terminating deciihal " expafefe^^^^^ easily .checH this-' • 

for the .examplift of ^en»inating decimals given ^at t;he begd.hriin^ .of . . 
this section.. - * • 

But what about a rational number, which. doeil/iTot feve teymi- 
natlng decimal representation? Suppose we^bok at. a particul'ar 
example of this kind-, say 2/13 ;% Ihe process of dividing ^ by 13 
procee4^ like this: " ' * ■ • 

' , >X53846l53 • \ • . 

13) 'k.m^mm \ m . : 

3. 3 , remainder - ■ ■ ' - 

^0 7 • 

, 65 • ■ . • . ■ . 

^ ■ ■ '^0 . • . 5 . ' •■ ■ 

• ■ .39^: • ■ ■■ ■ V " ■ . - 

• V • ' 11 ■ . - - ^ 

* *. ^0 * 6 - 

-52 ' . / • • > 

^ * ■ ^0 8. ^ 

78 ^ , ^ . - . ' 

■■ . ■■ •■ ."^0 ■ ■ 2 ■ ' ■ 

. , 13 

. • "To .. 7 ; • • " 

6^ ■■ - ■ • 

39 

ITo „ 11"* ' ■ ' . ' 
etc. 

Here the possible remainders are 0, 1, 2, 3, 10, 11, 12. 

Not all- the remainders do appear,, but 7, 5, ll] 6, 8, 2 occur first 
in this order. At the next stage in the division the reinainder'7 ' - 
reoccurs- and the^ sequence^ of remainders 7,- 5, 11, 6, 8, 2 is then 
certain 'to occur again. In -fabt the pro'cess repeats^! tself Wgain*" . 
and again without stopping. Ihe corresponding sequence of digits 
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in t^ie quotient^ - 153846 - will thei»ef ore occur periodically in' the 
noh-terminating.deciml exilic ^ _ / 

I In order to wrife| such a periodic decimal concisely and without 
^mMguity it is customry to write . 

.1538461538461538461 ... « . 153B46 , . ' 

( where the bar (vinculum) over the digit s^uence 153846 indicates 

thai this set' of digits repeats indefinitely in the e:^nsion. 

V Ihe vmethoi we have discussed is quite a general one and it can 

l)e aiSplied to any rational ^number a/b. If the indicated division 

is pferf ormed then the only possible remainders which can occur are 

Oj 1, 2, 3, (b - 1). We look only at the stages which contri- 

bute to the digits following the decimal point in the quotient. 

■ ' / ' ■ ■ * ■ ■ ■ . ■ 

These stages occur after we b^gln to add zeros to the dividend,, if 

the. remainder 0 occurs, the deciiaal ea^nsion t^nain^te^ at this 

stage in the division process and the rational number has a.termi- 

nating decimal representation. • (Note that a ssero r^aainder may 

.occur prior to this stage withdut terminating the process, for 

example, in 511/5 « 102.2.) If 0 does not. -occur as a r^iainder 

after the decimal point stage, then after at most (b-l) steps in ^ 

the division process o^e of the possible remainers 1, 2, ... (b - l) 

will reoccur and the digit sequence will start repeating.^ 

We see f rc»n this argument that any ^^tional number has a decimal 

expansion which is either tenninating or periodic and non-'termi* 

nailing . . • s. . 

•Actually, we may write a terminating decimal expansion like .2^ 
as .25000- ... or .25^ with'a repeated zero to provide a 
periodic expansion. -In fact we .can also write .25 ap periodic 
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■ • . ^. ■ . " : . ■ 

decimal in a second way, namely 

.25" .2499999'./. « .24f ... 

After raakiftg this simple agreement, which, allovm u6 to consider a 

•■ . ■ ' . " ■ . ■ « ■ 

terminating decimal as ^periodic, we can say quite concisely: 

Any rational number l^s. a p^lodlc non-teminatlm^ decimal 
representation . . , * v ^ . 

Exercise 5-5 ^' \. 

Find decimals for these rational numbers. 'Continue the division 
until repeating begins, and write your ap^wer to at least ten deci- 
mal places. ' * ' 

1.- 1V37 2. 3/r 3. 9/4 4, 1/41" ^ 5. 11/909 ' 
6. 5/54 7. * 128/125 8. 3/35 9. 1/82 ♦10. I/17 

UK^ich of the decimals In problems 1-g terminates? ; 

(b) Write in coffipletely factored f cm the dencanlnators of the . 

two rational numbers In problQim 1-9 ^ose decimal^ tenal- 

^ , nate. vaiat do you observe? ^ ' 

■' • ■ ■ ' - .. . " ^ ■ ■ ■ . ■ ■ ■■■ 

12. (a) CoB5>are ycur decimals for problems (2) and (8), • 

What do you observe? Are the denominators related in any way? * 
(b) Compare ydur, decimals for problems (4) and (9). Are the 
^ denominators related in any way? ' ' 

5r6, !lhe Jiatlonal Number Cora^spondlng to a Periodic Decimal 
We saw how easy It is to find by ^Ivlsloh the deciinal expansion 
^ a given rational ntunber. But suppose Je^h&ve"^ os^>osite situ- 
ation, that le, we are given a periodic decimal. Does such a deci- 
mal in fact represent a rational number? How can we find out? 

. Ve can see how to approach this problem by- considering a single 
cxaaq^le. Let us write a periodic decimal, jsay .1321321321^2* . .. 



and call It n, so that h « .132132132132 ... !aie periodic block • 
of digits is 132. If we multiply n, by 1000 'this shifts the first 
block to the left' of the deciiaai point and giyes the relation 

, lOOOn - 132.132132132 ... 
•Since n - .132132132 . ' 

we c^an subtract n fvtm each side of the first Equation to yield 

<j ... 

/ ' s p99n « 132 so that ; * • , 

n - ^ll' or in simplest tenns, - ^ . 

We find by this process thajJ .132132132132 ... « * * 

Ihe example we' have carried out here illustrates a genfei^l pro- 
cedure which mkthematicians 'iiave' developed to. show that every r 
periodic non- terminating decimal represents a rational number * 

Vfe see* therefore, that there Is a one-to-one correspondence 
tetween the set of rational numbers ||j » b /^ O. and the set of ^ ' 
periodic decimal expansions |i ai ag/aa ... aig > bi bg . bmCic2«»*C;^ 
where ai^ ags .....^ bii bg>. ./.cy og*->>> age digits 0* 1* 2^ ^..V 

It would be quite equivalent then for us to defi-ne the.ratloii- 
a! numbers as th© set of all such periodic decimals. 

_ * OShe fact thatmdecimal representation, for a .rational must be . 
/periodic tells us something further about the decimal representa- 
' t4.on we found earlier for the irra^ionat numb^er-v/S*. We can now be 
sure that the decimal representation for -/S must be a non-tenai- 

I. ' * 0 • * 

nating, non-periodic decimal. 



Whj^? For if it vrere periodic or terminating it wouia be a ration- 
a 1 and this we know to be untrue. ' ' 
What rationals have temdnatiijp deeiiaal expansions? 'Before, we 
Xeave^e subject of decimals we Wknt to discuss one ihteresting- 
fact about terminating decimals. . '. 

We saw that rationals like 0.5> s| - 0.2,-i| « 1.875- 

1^0 ■ '^97 9 «* 27'. 68 all are represented by terminating 

decimals, How can we determine ;^hen this will be the case? If we 
look for inspiration at ' the 'rationals of thfs type which we dls- 
cussed we see an obvious clue: -the denominator seem to contain . 
only powers of 10 or powers of 2 or powers of 5. . ' 

Consider any rational' number which has a power of 2 in the 
dencaninator, like . • . . 

II - II' % multiplying by 1 « ^ we can write • , \ 



5 

■ ' 32 ^ 1M§!^ - 39 ' 5\ ' 39(625) '24375 . 

Similarly we have a i^tionai. with a power of 5 in* the denomin- ' 
'a tor we can proceed as in the f oll€|/in®|^mple 

—4, « 3^ 3. • 2?_ 3 > 32 96 

3125 |5. " ^5 • . ; " 10^^* ITJ^OTO = .00096. 

^ Quite generally, if. we have any rational number with . only 
powers of 2 and powers cff 5 in the denominator, we -can use the ' 
S^me technique. For example, , ' / ; 

« a terminating decimal, < 



r 



IJk ■ ' ' ... ■ , ■ ' 'r':'-- '5-6 

In order to eatabllsh a geneitil fact of thi« kind* itiwpos^ W 
ask ihe following 'question./ When is mtional n«Hft>e^ (p and 
a ftasujoed- to have no COTsnon factor) . representable ag If. ■ where 

• ■ ■ ■ ^ '"^-15^ ■ ' 

N is an integer? . - > 

Siippose that this is Jjideed the case and that , • 

Therjefore q • N - 

' This says that, q divides' the product of 'p "smd 10^. But 
we assumed that p and q have no factor in common. Hence q ^ _ 
must -divide IC^. But the only possible factors of 10^ - ^ 5^ 
are ^owiers' of' 2 or powers of 5 or powers of 10, 

' - * Thus, we have proved that a rational number i*. has a teiroina-. 
• ting deciBial represent^^tipn if and only if the dencanimtor of r 
eonsists only of powers of 2 and powers of 5; that ie, r must be 
of the f ortB r ■ , ; 



' Exercises 5-6 
Wha.t rational numbers have these decimal expressions; 



■ X.' .09. ■ : 
.*3. . .055...* . ^- ' ■■ ■ ■ • • 

■ t ■ ■ » 
^ • OS^"* # « • 

■ 5». . 0 1 23 • # • * . ■ . " - . ; . 

. 6-;'- .1625' • • , 

* ' t ' ' ■ , ' • • ^ 

8. Write the denominator of these rational numbers in completeiy 

factored form.- ' ' * , * 

(a) 7/32 47/ioo 15/14 3/25 17/50 5/9 11/6 . 

{l?>. Which of the numbers in part (a) have decimals which teml- 

* 

nate? 

5-7 ^tional Points on the Number I2|^ne *. 
If we think of the rational numbers as specified by decimal 
representations, we see immedl^ately how to locate and how to order 
the corresponding point s^n the nijmber line. 

Consider for example the rational number 2.3^51? Uie 
unit digit 2 tells us immediately that the corresponding rsttional 
point P lies between the integers 2 and 3 on t^ie number line. 
^Graphically then the first rough picture is this, \ 



7i 



6 ^ 8 ^ 10 



A more precise description is obtained bjr looking at the first two 
digits 2.3 which tell us Immediately that\p'lies between 2.3 •and V 
2.4i On the unit>^ interval fi*om 2 to 3, then, divided int6 tenths 



,.♦176 / ■ . . ;,. . \ • . 5-7, 

(an4 magnified ten times for easy comparison)* we find P aa listed - 

2^^ 2.3 2.4 2.5 . , • 3-" - 

» ■■ • .'■•*• 

' If ^ continue the process of successively refining the loca- 
Mon of P on* the number line we have a pictta»e such as the 
following: ■ 

: ' t J , I J Vi^ « f ' ' ' J • • 

■ ^'-^ :. . . - • • '"-'-.^■.P 

' ,2.30 2.35 _ — 2740 

i^-'^t'" — I—, — I—, t. I iV i I t I 

' 2.390 2.395 ^-s^ . 2.400 

V U ■ i t, t « ^ I I 



a. 




2.39©C3/ ^ ^^-.^-2.3965 ^ 2.3970 

/ . . . P ■ 

iL — i — - t., ;. t 1 V « t 1 » "^i-^t 

2.39610 2.39615 ' / |.39620 



j^l r 



From pucti a decimal representation for a rational then we 
easily find how to locate the number to any desired degcae of accu- 
i^cy on the number line, • ' 

. Moreover, given any "two distinct rationals in this form it is 
a simple matter to tell by inspection which is larger and which is 
smaller, and which precedes the other on the number line. 

Jf you think of locating the point | carefully on the number ^ 

* * ■ ' ' ' • ' ' * * 

jline Would you prefer to use | dr. .33:^3 If you wish to cc^pare 

i with another rational, which form is easier to use., - .or •33333..*.? 

■3 : • • ,. ; . • 

• ' :, . ■ • . ■ . ■ 3a ■ *' • • • . 



/ Exercises 3-^7 / 

AriTange each group of decimals In the order 1« .whi^h the points 
to which they correspond would occur on the number ll|ie» List, first 
the point farthest to the left. \ f 

(a> 1.379 U^93 .1.385 5. 1-372 ' 

... • ■ '■ . .. .' • 
; (b)/ -9..426 -2.765 -2.761 ' «5.63P ^2.763 . 7 - - 

(c) .1W5 .15^67 .15^63 • -VlWS .15^98, 

2, In problem Ic, which points lie on the following segments: 

(a) Ihe segment with endpoints^l and 2? 

(b) Uie segment with endpLOlnts 0 and. 1? - V 

' ■ ^ ...» • 

(c) - The. segment with endpolnts .1 and .2? .. . 

(d) dhe segiaent with '^ndpoints .15 and* ,16? 
(e.) Ihe segment with endpoihts .154 and .155^ 

3. Suppose you have a number line in which the distance- from the 
point 0 to the point 1 is 10 centimeters lOng.^ ' • 

Draw a 10 centimeter segment j label the endpoints 0 and 1^ and 

■*..■■ . ■ ' ■ ' ' , ■ ■ 

divide the segment into tenths, Mark and^ label the f ollowl^ 
points: • ' ■ ■ ' 

... 

(a) .23- (b) .49 (c) .80 (d) .6 (e) .08 (f) .95 

5-8. Definition of Irrational Numbers and, l^finition of Real Numbers 

We have seen that all rational ntjmb^rs have periodic decimal 

representations. We saw also that is not ratiohal and -that it 

ia represented by a non-periodic, non- terminating dfecimal. We 

called v2 an irrational number. * , ' . 

' W0 now use this decii^i f orm to define the set of irrational 

numbers. We define an iryational number as any number with a non- 
■ ' \ , ■ ^ ■ i . ... .. . . .. 

■teminatinff ^ ncm-perlodlo de.oimal^representati^ of the form 



< ^tHfr syst^ cpopQsed of all rational and* 
call jbhe real nmnfeer system * : 

From thltfT^e See thajt any r^l niimber can be characterized ^ 
a decimal represehtiitl«t of 1;he form * 

± '^1 ^2 ^3 ^k* *^1^2^»»« * / 
If the deoiroal representation is peri<?dte it defines a rational n\2m» 
ber ^ otherwise ^e number is an irrational number ♦ 

■ * , ■ , t» ■ • 

With every point P on the. real number line we associate one 
and only one nugiber of this -form by a process of ^uccessivd location 
in decimal intervals of decreasing length. Note that any two 
distinct points F and P will correspond to distinct decimal repre- 
sentations, for if they occur as^ ' 



oh the number line we need cmly subdivide the number lihe by a 
sufficiently ^ine decimal' subdivision to assure that P, and lie 
in se®aents defined by different decimal, intervals. 

, Conv,ersely, given' any. decimal .we have found how to locate the 
corresponding point of the real number line by considering succes- 
slve rational decimal approximations provided' by* the number. 

J . Thus the real numbers possess a one-to-one correspondence with 

the points of the real number line. 

• 5-9 Properties of the Heal Number Sysiem 

©le real number *syBtem which we -have nc^w defined possesses ail 
of the properties of the rationale and an additional very lmt)ortant 
one. We list first the properties which are also possessed by thf' 



system of i^atlonaXs. 
Property 1» Closure ^ 

a) Closure und^r Addition (-i-)*., Tti^ real number ^stem Is closed 
tinder the operation of. addition » l*e«^ if a and °b are real 

. numbers then a + b is'^ a* real number. * ' , 

b) Closure under Subtraction ^e real number system is closed 
under the operation Of subtraction * the inverse of *additi6in, i 

i«e., if a and b are real numbers then a«-b is a real htlmber* 

■ ' ' . . ■ ■ , ■- ■ 

9) Closure under Multiplication (•). Ttie i^al number system is 

.. ■ " ■ ^< ' ' ' ■ -■ 

. closed imder the operation of multiplication » i.e. » if a and 

b are real numbers then a -b is i& real niaaber. 

d) Closure under Division (f)* Hie real number system is closed 

. . ' ■ * ■ ■•. 

under the operation of divl&lon, the inverse of multiplication, 
1« e«« if a and b are real numbers then a4i» (when b 7^ p) is 
a real number, , 

Tkie operations of addition, multiplication^ subtraction, and 
division on real numbers display the properties which we have 
already observed for rationals, ©lese may be summarized as follows: 

« ■ • ■ ••^ 

Property 2. Commuta t i vi ty . * 

a) If a and b. are real numbers, then a + b « b + a* 

b) If a and b are real numbers, then a • b » b • a. 

* ■ - 

Property 3 . , . Associativity , ' 

a) If a, b, and c' are real nxambers, then a + (b+c) » (a+b) + c» 4 

b) Xf a, b, and c j are real numbers, then (a»b) • x a • (b ^j. 
Property 4 ii Identities * • 

a) If a is. a real number, then a + 0 *• a, i.e., zero is the iden- 

* • • - — 

tity element for the operation of addition. 



b) If a, is a real number, than a • 1 - a, i.e., one is the iden- 
tity element for the operation of multiplication. 
Property % Djgtributivity > If a, b, 4nd c are real numbers-, ti^en 
a»{b + c) s= a«b^^+^ c. 
i^operty 6 . Inverses . 

a) If a is. a real numbfer, there is a real number (-a) such ti^atL 
a + (-a) » 0. ^ 

b) If a is a real number and a > 0 there is a real number b such 
that a » b « 1. " ^ 

•Propertisr 7/ Qx^'er . ISie real number system is ! ordered',* i.e. , if .a 
and b are diff.erent real niamt^rs than either a'< b or a > b. 
Property 8 . Density . The real number system is dense, 1.©.', 
between any two distinct real numbers there is always^ another real 
"number. Consequently, between any two ^^eai. numbers we can find as 
many more real numbers as we wish. In fact we easily see that: 
1) ©lere is always a jrational number^^ijween any two distinct real • 
numbers, no matter how close. 2) Ihere is always an irrational . 
number between any two distinct real' numbers, no matter how close, ' 
!rhe ninth property of the system of sreal numbers is one which 

is not shared by the rationals. 

- . ' ■ < . . ■ ■ ■ 

Property 9. Completeness . Tine real rlumbep line system- is complete, 

i.e., to each point on the number line therfe corresponds a real num- 

beii and, conversely,- to each real number there corresponds a point 

on the real number line. • - 

We .^w that in the syst^ of rationals there is no number 

n « which when squared yields 2. However^ in the real number 

\ , 

system as defined, such a nmber is included. . „ ' 

37 
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It happens tha^t the nth root of an^ rational number which is 
not itself a perfect *nth jprower ip an irrationai number. Buls means 
that such numbers as Va;, VTT, Vi5, V 1 -are Irrational . 
numbers.' ( Vl3 means a niimber nk such th^it n^-«»^15.) 
Hence, in the system of rationals nje cannot hope to extrac| nth 
roots of any numbers which are not perfect ntJy powers. However, 
when we ^djo^ the irrationals to form tiie real number system we 
see that we ha\^ added all these missing nth root^ of , rational num- 
bers. Thus a very useful property of the real , number system is: 

Ihe real. number system contains the nth roots, ^^J/| of all 
positive rati ormi numbers a/b, b ^^^0. ^ 

©lis a§suxes us that Ve can find among the real numbers such 
numbers as Vl; 1 + -/5, ' v^, -^§3,. and any other such 

•number or ccmbination of ro/ts. ^ 

^ In addition to irratidnal numbers which arise from extracting 
rodts of rational numbers there are many more irrational numbers 

• ■ 

like iri which^:|;e^alled ti^scendental irxutlpnal nufiibers. When 
you study logarithms, in- high school, you will' be studying numbers 
whictf^re almost all transcendental irrational numbers. If N is 
any positive real number and x is the, index of the power to which 
10 must be iuised to yield N, or , / 

lO'^ « N * 

then we';say that x « the logarithm of N to the base 10. If N is 
€he power of 10, say N ?« lo2, then clearly 10^^ » 10^ and x - 2 - 
the logarithm of 10^ to the base 10,^ In such a case, the logarithm 
is a rational number. But for most, numbers the logarithm will be a 
(transcendental) irrational number. % 



\ 

\ 



182 ' 5-9 

' ■ . ■ ■ . ' ' ' 

) OSie trigonometric ratios^ sine of an angle, and tangent, of an 
angle are other ea^pressions which usually turn out to be trahscen- 
aental rational nianbers. ©lese ratios are defined in IMit 6, 

^ ■ , . • * ■ 

Exei^ises 5-9 . 

1. Which of the following numbers' are rational and which are irra- 
. tlonal? ^!ake two l^ists« 

.23123112311123... ' \ 

c. 3vf ■ 

d. . 

e. - .78S?^... 

. V ' 

h. 9 -/3 . / 

i. .75000 



J. 



58 ' . 
TT ■ \ 



2. Write each of the rational numbers in problei^, 1 as a decimal 
nmneml alnd as a fraction. ' 

3« For each of the Irratjionai numbers in problem one write a deci- 
mal correct to the nearest hundredth. ' ^ ' . 

a. ^Make up 3 terminating decimals for i^tional niambers. • » 

b. Make /up 3 non-terminating decimals for rational numbers. 

ti. Make up 3 decimals for irrational numbers. ^ 

' ' ' ■ ' ■ 

You have leaitied how* to insert other rational numbers bejfcween 
two given rationale. Now that you have studij^d decimal representa- 
tions for real numbers, you can see how to insert rational or 
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irrational numbers between real numbers. Look alj'tiiese decimals' 
tor, two numbers a and h% ' 

a * 4.219317 ... 

h.m 4.23401001000160001... 

^ ■ ■ * ■ 

Are these decimals for rational or irrational numbers? 
. \ Hhese numbers are quite close together, but any* decimal which 
begins 4.22... will be greater than a and less t*iah b. We can 
then continue the decimal, in such a way as to make it rational or 
to make it irrational. For exan^le, 4.225^55 is ratiqnal and 
4.225622566225666... is irrational. ' . 

5. a. Write a decimal for a rational number between 2.3846B^ 

and'2.369W. , ' . *^ ' 

b. Write a decimal for an irrational number -between the- deci- 
mals in part (a). ' ^ ♦ ' 

- • ■ . ■ . ^} • ■ ■. - , '■ ' 

6. Write deoimaife for (a) a rational number and (b) an irration^il 
. number between .346019. ... and .342806... 

7. *Vte»ite decimals for (a) a j^atiohal number and (b) an irratipnal 

number between 67283" ..^ and 67^28X06006... . 
■ ■ . ' ■ ' ■ ■ . ■. * ■ " 

^5-10. I&tional Approximations to Irrationals 

Whenever we give an irrational niasber in its decimal form, for 

example, an irrational number beginning, N - .019234675,,. , we see 

that we automatically define a sequence of rational numbers which 

approximate closer and closer to the irrational number N. Wo^an 

read off ^uch a. sequence ^of.^ rational appro^amations as, ' 




.01'92 
.01923 * 
.019234 

•01923467 



'i019234675- . . ^ • 

* ?raLOt%c&ll^ speaking, thia'is oft?en how we coi^ute, by using a 
rational approadJaation to the irrational niamber. Cn the other hand 
mtiimatiolfimfi^jG^d^other scientists frequently «eed *td ^se the 
.exact irraitlonai number such. as *. 1 

. V2, /3 w - ^ ^ -75 
in order ^to get a fj.nal exaat re^it. * 

Question: What property of l^e real number iyst^em is^it which 
assuz^ss us that any rea3^ number cant be sipiproadmatW closely as 
we^please by a r^tlonjtl nianber? * 

■ ' ' ' ■■ ■ ■ ■ . \; ■■ - ■ ■•■ ^ ■•■ i : ,, ■ , 1 

Oeometric^ PropertieSy of the Beal Line . . ^ . 

, The 1-1 coi^apcmaence between the real numbers and the points 

. ■ ' ' ■■ ' . ■ ' .■ ■ * 

of the riMiX number line giytes us for the first tim^ a satisfactory 

' " ■ ' *■'.•- ' . ■ ' ■ • ' " ■ 

geometric representatic^. We know now that there are no gaps of* 

missing po|??it&' in %he real line. We can speak of tracing the real 

nij^bet* line contijiuously and know that the segment described iit ahy^ 

fjt»ge^s a length which is measured by a real nimber . ^us ^ the 

number line indicated bei<^w;^know that W h^^^^^^ length 



- of measure \/2 - 1, -the length of W has measure 3 ->/2^^'!SE h^s~^ 
* ineasure ir - 1| (55 Is measured by ir - 
V . We can think of a point moving b'bntlnuously f rcna 0 to i aiia 
associate with it in every position a ^ ^ 

• •«*•■.•?., • . •• . 

. I : m ■ ' n . 1 ^ ■ 1 — 

■ . 0 , ' X c. .• t 2 ■■ . , 

/ ■ • ' . ■ • r ■ ■ . ' . : 

/' real numl^r. Because of this continuous property Vof ,our real num^ . 

ber system^ we scaaetimes^ refer to it as the continuum of real . 
.numbers. 

If - we think of the geometric line segment from -1 to +1, 
including tlie endpointsV^t can be descr*bed *ciomple1tely. as the set " 
. of ail real points x f or^hich -1 ^ x < 1* 

■' i 0 — ■ +fV,- ' 

- y -4 ' ■ -"^ ■ . - ^' ... ■ ■ 

5-11. I&tionals and Irrationals in the World Around Us 
we -see many examples of i^tiohals every day— the price, of gro- . 
ceries, the ai&ount of a bank balance « the rate of pay« the amount 
of a weekly . salary f grade on a* test paper. 

: Although we have not considered the irrationals f or vex»y long, 

. ' ■ ' ' , , I' i^*.,.- 

^ it is easy to see many examples which involve irrational niMbers. 

' v> 




For example, consider a clrcl^«r' radius one unit* What is its 

>h? Why 2ir \inits- of course. In fact, any circle whose radius, 
is a rational numbcu:* has a ^^ircumf erence which is irrational; Also, 
the Interior of such a cii^cle of radius r has ah area which is 
- meas^ired by an JLrratlonar number (irr^). ' 

volume V \ df a circular cylinder^, you- may^ recall , is giveii 
as y Trr^h and\lts latei^ai surface^fea A is 



ERIC: , . ■ 1 , "% ■• . • ' ■'^ I. 
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Whepe h Is the altitude or the oyllnder. Here also the volume and 
az*ea ax*^ given Isy irrational numbers if the radius r and altitude . 
h are given by rational 8. - , ' r 

Also^ we note how easy it is to construot lengths at irrational 
measure by the following simple auecessiol^ of right triangles** 




V{hat other Q^camplea of irrational ntunbers can you name? 
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6-i. The Graph of y « 2x \( First' Quadrant ) 
In .Uriit 2 you. leamea how tj^|3a:^p^re a set of number pairs 
from an equation, ana how' to plot the. points qorrespondiog.xo the 
number pairs. You drew a curve connpc^ing the points and Jailed 
this curve the gi^ph of the equation. In more advanced mathematics 
it ciin be proved that the curve 4oining the po,ints is the graph of . 
the equation. This means that any number pair which satisfies the 
^Quation oprresponds to a point' on the curve. The cohverse state- 
ment is also true, j The number pair (coordinates). for any point on 
the curve satisfy the eqization. In this discussion we are assum*' 
in& that the graph of y « 2x is a stmight line, ■ * " 

Exercises 6* la '.■ ,.. 

1. Prepare a set of 5 number pairs for y - ax in the first quadrant. 
What numbers are suitable for x? Can y be negative? - . * 

2. Plot the points whose coordinates you. found in Probleiji 1. .Xiraw 
a curve through 'the points. What kind of curve is it? 

3. Show that if a is the x- coordinate of ap point on the line, then 

.-. , ■ ■ • • ■ ■ , 

2a is the y-coordinate of this point, 

4 . Chpose a point S o^ ihe line and 
draw a perpendicui^ir to the x-axis from 

Xa) Show that OA the x-coordli»^ - 




{ b) Show that* SA is the y- coordinate of S , 



Figure 6-1 



A 



< jc) Shdw that\s>t^ 2(0a')» - 
; (d) Show that ^ - ^ - 2. 
5, Choose another point T oil the graph of. y « 2x and ^raw TB 
perpendicular tb^the x-axia. * • 

(a) I«t the coordinaW of T be -{x'^yV) » Explain why y» ■ 2x». 

(b) Show that OB x« and that BT - y« or 2x«, v , ' 
( c) Show that ^ - ^ !■ 2. ' . 

N^te that the coordinates of T wei»e written as (xSy*)- 
It is convenient at times to use the same iett€trs over again, 
and to distinguish them by a special mark. Read x* as x-prime ' 
and y« as y-prime. The ^'prijae" is laerely^ part of the name and 
is not an exponent, / n ^ 

Pro^i Problems 4vand. 5 we have ^ - 2 and ^ « 2^ for x «0i> x»' o. 

Tell why 2 « XL and iS - il- ^ 

X X* y y^ 

* ■ . • ■ . 

This states that the ratio of two legs , of this small- right triangle 
in Figure is equal to the ratio of the two corresponding legs " 
of the large ri^ht triangle. It is convenient to co^ypare these 
Bides in the. following 'ways ^ % ■ 

• • y' x» ; 
but we must prove that we may do this. 

We know ^ « li Why are these names which 

V «t V look different, names for 

then I . -Z- . 

. * ^ the" same rational numbers? 



f I' f ■ fi ; yT ' PrppertV of equations 

* . * , is ueed here? 

, Hence '« - What proi^*ty is ixsed he3?e? 
/ ' Corresponding sides/ as you have learned, are the sides which 

ax^ .opposite the angles of equal measure in the two triangles. The • 

' ■ ■ ■ .-if . 

. ' ' ' ■■ * ■ ' ' 

;. ,■• . ' ' ■ ' --.'V ^g" ■ ' ^ ^ : ■ 



sides of length x» and x are corresponding sides. So are the "sides' 

of length *y* and y. Translated back to ^he triangles, tHis eqJa- 

tion says that for these two right triangles, the rat ic]^ of two 

pairs of corresponding sides are equal. • 

» . ■. . ' • . » ■ 

. ' • Exercises 6«lb v - 

1. Write Xl in terms of OA, SA, OB, and TB. . 

2. Narae the corresponding angles of triangles OAS and OBT, 

3. Would it still be true that the ratios of two pairs of cor- 

- ■ • . \ ■ 

responding sides are equal if S and. T had been different 
■points ott the graph of y « 2x in the first <itjadrant? 

k . ' Suppose the gre^h had been y - 65X or y ■» 4-lf^would ill •feJl . 

• ■ ■ ■ : To, ' . X • y 

for any points S and T on this grfi^ssh? 

terms of x» as (x«,?). Replace? by an expression for y» whioh^ 
involves x', " • . - . * 

6., The 5-too«3lmte of a point y - may be^vA In terms . ■ 
of X as (x7?); . / ,. 

6-2. A Special* Set of Right Triangles 



The sides OS and Or were not included in the discuss ion in 

* ' ' * 

Section 6-1. Let us see, what we can find out about these sides. 

'. • - • ■ ■ . 

Since we know that ~ » ^ for 2 pairs of sides, it seems reason- 

OB TB 

able to fisk about the ratio of the third pair. • 
i OS 
Although measurenients are only approxisiate, we might try - 

' measuring OT itnd OS in our search for h clue concerning what 

seems likely to be true. It will hel^ ijs if we draw TB in a 

special way this time. , % , 



In the new fig^pe, OA' will be our chosen unit' of length and we 

shall make OA « AB.* Inciaentalls?, must OA ^ave the' same measuj?e in 

\ ' ' ■ ^ . ■. ■ .'*'■'■,■■ 

inches on. every papjsr in your class?. The actual length is not 

.. • ■ ' ■ •> ■ < ■ . ■ ■ , ■ ■ ■ ■ 

V Impprtai^t, since we are working viith ratios and we know that 
^ is I ^ ^ which is no matter what k*ls;( excluding km Q), ' 

Measu^ OT and OS. V/hat do you conclude'? y 

Points 0, S, and T Ifre on the graph of 

y « 'dx. Draw SK perpendicujlar to 

Locate A OAS and ASiCT in this diagram. 



1. 



2. 



3. 




^xercises 
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(a) V^^hat can you say 'about AS and BT? ' ftre they parallel? Why? 

^b) Show that if the coordinates of T are (x'^y*) then k» «-0B 

■ * ■ . ■ '. ' ' ' ' ' 

and y« « HP, , ' ^ ' ' ^ 

(c) Show that BT - 2(4b). ^ . 

(d) Show that 2( OB) «4(0A). ' 

(e) Escpress BT in terms of OA. ' "* 
Consider OA the unit of .measurement^. and let it be 1. 
(a) What is. the measure of 

VJhat is the measure of SA? 
'VJhat is the raeasui^ ,of BT? 

(a) What, kind ofj triangle Is AOA^ A OBT? * . Wiiy? 

(b) Name . the right angle in each of .these triangles. 
(a)' Name tbe aiigle which Is in ^oth triangles. 




(b) 



(d) What do yoxa know about the sum of the angles of any triangle 

(e) 'Show that m( i.OSA) - m(40TB). . ' . 

■ • ' * . . ■ . 

4. In what other way, using Problem 1(a) jcan you show that' 

■ • ■ .1 ■ ' . 

to( t OSA) « ro( i-OTB)?. ♦ • 

% (a) What can you say about AB. and SK? - 

(b) vmat can you say about AS ahd'BK? . 

. (c) What kind of figure is ABKS? • 

( d) Show that SK » AB. 

6, Show that SK « 1, ' • 

7, Show that AS « KT. (Prom Problem 2, BT is 4 and SA is 2.) 
B, Since you know OA - SK, AS * and ra( OAS') m m{ L^SKS) 

what can you say about A OAS and Asp"? Can we say corres- 
ponding sides and' angles are congruent? 

9. As a result of Prptiiem 8, OS « ST, Tell why. . 

10. Prom OS • ST show that OT « 2(0S) iand that ^ « 2. 

11. Write the corresponding sides of triangles OTB and OSA in- 
pairs. . 

In £xerci|e 10 you found without relying on measuring 

In the first figure, you made OB « 2{QA) so ^ * 2. 

OA * - 

Prom Prbblemi ^ ■ 2. Therefore ^ «^ since each ra^io 
is 2. ' : ■ 

This statement tells us that in the two triangles OAS and 
OBT, ii^ which corresponding angles are equal, pairs of corres- 
ponding sides are proportional. * 

In the special right triangle In Plgui^e 6-2 

(1) the ratio of the longer leg to the shorter leg in 
each triangle is 2 



(2) the lengths of the^^legs of one tuiangle a.re twice 
the lengths of the Xe$s of the other triangle. 



6-3. The Gra^^h Of y « ax (Plt^st Is 

• , . . . ■'- . '* ■ ■ ■. .. • 

a po^iti^ real numt>e^) _ 

in Sections I and 2 the ij^igW triang3,es Were in a yery 

. * -t * • . ^ _ , ' . * ■ , ■ ■ _ ■ , ' " 

special set. They were the right triangles f onaed by the graph 

■ ■ ■ * . * « . * 

of y •• 2x aha pertain perpend iou;ia?' lines dravin so that the ratio 
of the sides "on the x-axis is eqiial to 2, . ' • 

What happens if we -^change to the graph of y 3x? or -^^x? or 
where a Is any positive real nmmber? The following questionsN^ill 
help :;ou reach some conclusions. Look- for properties which seem to 
be independent of a particular number for a in y « ax. Search fQr 
patterns. In tljis discussion we ai^ assuming that the graph of 



y i«;ax is a straight line, for "a" any positive real number 



° Exercises 6** 3a 

1. {a) Praw the graph of. y ■* 3x, . ^ 

(b) Select a point K, draw'KR 

perpendicular to tie x-axis, * 

Let OR 1. * " * * 

(c> What is KR in terjas of OR? / ^ ^ 

' ^ ' ^Figure b-3 

Write a numeral for KB. Write tlbe coordinates of K. 
(d) iDw^w OS - 2 and then draw LS perpendicular to the x-axis, 
(n) What is 15? ' t 




(f) What is the ratio of ^? 



of li? 



2. (a) By measurement find' the approximate value of ^ 

(b) By means of steps like those in Section 6-2 show that ^ 

■ ' . . • ■ OK 



6-3 
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Dtaw KM perpendicular tp SL and use congruenH; triangles as In 
Exercises 6-2. * 

, " , ■ ■ ■ . • ■ , " . ■ • ' 

3. » (a) In this set of Wiai^gles based on the graph y « 3x, what ia 

the ratio of the length of the longer leg of a triangle to . 
the length of thi© shorter leg' . 

(b) What' was this ratio in the case of the triangles, based;^"^ 

c) Are you beginning to see a pattern? 
(d) How do the lengths of the legs of one triangle in Figure 6-3 
compare wii;h the len|th% of the corresponding le^s of .the . . 
. V other? Note that agairt OS was chosen to ^e a(OR) . . ' ' 

4. (a) Gmph y « Ix; 



(b) Explain why in(Z.dAR) .« m( LOBT). Are these* angles congruent? . 



(c) If OA is 1, what is RA? 

(d) If OB is 2, what is BT? 

(e) . State the ratio of ^ in numerals, 

(f) State the ratio of ^ in numerals. 




Figure 6- 3b 



(g) Tell why these ratios are equal. 

(h) Does the iralue pf these ratios depend upon the measures of 
OA and OB? VtFhat ratios do? 

5. Draw a figure like Figure 6- 3b, but on a larger scale, 

. Find by measurement and division, the ratios S. 5§ ^ 

AH' OA' W: 

Do ^ese ratiQs^jappear to be equal? 

6. Since (from Problem k) ^ « ' - 3 ^V? 

Now let us examine the graph of equations like y # ax for 
a 0. Here a may be any positive real number. In .the special 
graph X 2% what was ^? ^ilh&t was a in the case of y » 3x? in ' 4. 



^9^ 
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the case of y - -Zx? 

In the figure at the right ti,he 
ray 0?' represents the graph of y » ax 
in the first quadrant. Do not regard 

* » . 

it as* drawn to scale. 

• #• ■ - 

« ■ ■ . ■ 

is -a point on the si*aph y « ax#- ^ 

Pjj^j^ is perpendicular to the x-axis. 

is a point on y -ax. 

* . 

P^Q^ is perpendicular .to the 'x-axis. 

Exercises 6^ 3b ^ 

1. If the coordinates P_ are (x.y-) wlmt is y. in terms of a? 

. . " i " 11 1 

Note that y - ax and y^ - ax^ since P^ is on the graph. 

2. Show that £l r .^,^£1 s ' 




3. Show that the ratio of JjTa a, x~ 
k. Let the coordinates of P^ be (Xg, y^) and show that y^ 

5. Show that PgQg is ax^ and OQg m Xg so that -^SS • a. 



2' 



6« By measurement show that appears to equal and 

7„ Use the equation ^y * ax to find- the ^tio of y/x. (x^) 

8. Use Problems 3^,7 .to show y/x - fl^l - 

9. , Use the argtiraents in section 6-2 ijivolving^^gruent . — 
triangles to show that .H^ -Zi^ • .2SS. Why is it necessary 

in this proof to know that OQg r 2{0Q,^ Assume, that^OQg • 2(.0Q^). 
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11; The ratJlo ^ 3s ^, 
■ and 22, m 1. 



Show £S «^ 




*10. 'In the figure at the right. 

The ciotted lines should 

suggest a way you can prove cer- • 

tain triahgles congruent ai^ thus^ 

sho;^ ^^^^ - "I* S^ry it 

C 

OC 7 

CD and OB should ' be' divided into-^ 
7 parts by measurement. 
Could the aethods of Bxercises'. 11 
and 12 be lised, if ^ • k, where 
k Is an irrational number? ' * 

1^ 6-4. The Simllaril^Properjby for Right Triangles 
In our 4jork we have followed .cei*ta in conventions -in setting 
up cooMinate aices, making the x-axia horizontal and the y-axls 
vertical. We have chosen to re^r^ the right ^'a positive direction 
for the X-axis, a& upward as a positive direction for tJjie y-axea. 
The opposite directiohs in each case were he^tive. These are ' 
merely convenient coi^ventions.jsuid changing them -^s quite possible. 
Look at the coprdXfmW 'aices' below. Note that all of them retain . 
the perpendicular characteristic, w^ich itself is riot always' 
observed . " 






The first quadiint is the one in which botii x and y .are 



, positive, xPoint out the first quadrant in each situation above. 
In sections 1,2, and 3. we studied right triangles* in a 

special position with refereknee to ^ pair of coordinate axes. 

■ '. ■ . ■ ■ ■ ■ ■ ■ . ■ ' ■ - ' ' ■ ■ 

Actually the properties which we observed in these special cases 

are true for any right triangles. * , ' 

Consider 'the fallov.^lng right triangles. 

,9 ' -. 






In each ease v/e could choose coordinate axes so that A or B lies 
on the origin, so that one of the legs of the triangles lies along, 
the K| it ive X-axis, and so 'that the interior of the triang^^, is in 
the first qmd rant. This is illustrated in the* following figures 
in which the coordinate axes are represehted'by dotted lines. 




■ ^' Exercises 6-^a 
1. Show by- using dotted iin^s as shown in the illustration. 



possible placement of coordinate axes in the following figures. 



(a) 




(a) 




(e) 
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•Note tJi^t after the «xe§ ^re located, the^ hypotenuse of the 
right triangle is .on the line through the o'rigin. The equation of 



- the line is' y - ax where is a' particutor-^fitive real number not 
.zero, for a particular line, i^ou ml^ht f ind it ea'^ler to think of 
Slaving the triangles in the pl^ne, l?y rigid moHion, 'so that they - 

. are 'in. the position used in sections 1, ii, and 3, ijo matter which 
method is used, all of the arguments used in sections !, 2, an(3. 3 
hold for all right triangles of the sets described.. ' . « 

* V/hen ybu move the triangle as suggested here, two right 
triangles for which a pair of corresponiding acute 4nglea are etiual 
will look like this: • ' 







• \ 

■ r 


r 




1 


f 


X . B 



Exercises ^-4b 

1. Draw the following pairs of triangles on k 'pair' of axes in 
standard form as in the figure on the right: 



(Q) 



' B 
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I' ': ■ ■ ■ 

d. If, you know the eqimtion <if the l%m on which the hyjpptema^e * 
• of a triangle lies, how Sah you, use^lt to tell, the i^tio of the 
legs of the tri4ngle^ ' ' . 

3. The ratio of the sides can be estimated by measuring the - 

«, ' _ . . ■ ■ ■ • ' 

lengt^hs ,of the sides. Wnd t^e ratios given below : . . 
' ^ and ' f cV-I^ and iL-. f aV 2§--. and 

: ' ■ r A' 'r ■' . H ' • ■.■ , \ 

* - ■ ■ ■ ■ ■ ' .. . , , ' ' 

y Cb) f^and f ' ; (d) |%,. a3^ ^ - ^ - f 

■ ■ • ■• • ' ' ■, * ' " * * ■ ' \r ' ■ ' ^ ' ' 

Projperty JU , If a -pair of gdrresponding acute angles ' of two ri^ht . 
triangles are equal, then the ratios of correspond in^ sides are 

equal s * • ' /■ . ■ ' ■ .^00 

■ . ¥e,often say ■ that . if , the corresponding- angles of two triangles 
are equals then the two triangles are similar . This is the defl^ni-' 
tion t^hich we will use' for*s.insilar triangles. Property 1 could 
be stiated as: ^ , ^ • 

If tvjo triangles are similar then the ratios of corresponding 
sides are equal. ' ■ ' ' - ' 

rely clear that the deductive arguments 
11' pairs of right triangles. Exercises of 
ocuwAvti w-j oujificou a my in which congruent triangles^ may be used 
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in an Infcmnalt <3eauctlve proof of Property 1 for two right tViangles 
such that the ratio of lengths of correaponding eides is a rational 
numb%r. Actually the property hoias even though the ratio is an 
irrational niunber. 

In Exercisis below you are asked to, find the ratio of the 
lengths of the Hypotenuse of two similar right trianglea by finding 
these lengths'uslng the Theorem of Pythagoras. This would provide 
us a. way of verifying Property 1 for all pairs of similar right 
triangle's. Howevei* the. p^oof ^sing this iethod in the general 
case will be postyponednintil you have had. more experience with 

. . ' ■ ' ' * * 

numbers like J and V500, 

I - - ExerelSBS i^-te 4 . - 

Use- the theorem of Pythagoras to find the missing sides and then 
f iM the 3 ratios of' the ^j^rr^spondirig sides, (Of course thes6 
triangles are not drawn to scftle becauise of the sieveral parts ^ ea oh 
different.) ' . ' 





.4 



1. If m m k, BC m 3, J»B» . 

2. If AB- 12, BC « 5, ''A»B» 
i.., If AB « 15, BC - 8, A»B» 
J 4 . If Af - 8, BC « 6, A?B' . 

5. If-I^B - 2, BO* - 1, A»B» . 



2G, B«C» « 15. 
• 24, B«C» * 10. 
« 45,-B»C» - 24. 
12, B^C* - 9. 
4, B»C« « 2,^ 
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6-5. Sines and Tangents 

' P4 




P 

3 




"j^e figure ahovfs a pil't of the graph of y in the, first 

qua($rant, 'fhy^are thfe four rightl^trlangles shown in the figure 
similar triangles? Since these trlanslei are similar, the ratios 
of corre 3 ponding, sides in any pair of them are equatl. For example. 



tSp Wjj^ ^Ti^ • 



: , ''e could" draw in the f l@ur© other right triangles in positions 
like thoee in the figure, vjhlch are sijnilar to the four triangles. 
How many of the^e could bfe done? ' ' 

. • ■ ■ ■ ' ' .' it ■ ' . 

Express the ratios abbv«. in terms of the coordinates of the 

points Pj7 Pg ' ^5 ' ^"^ -^4 * ■ 

Measure ft OP. What does its measurement in degrees appear. 

B 



to 'be? . ■ .. 

. V. Now suppose Vie wished to know the'' 
'distance across the river shown in this - 
figur^e. A and B represent the positions 
qf two trees "on opposite banks of the rive r^"^^^ _ 
Th« * iengtli' of AC is 20 feet. By use of an angle measiiring , device 
the measurement of Z. ACS has been determined as 30^, How can the 
distance AB be determined? ' * . 




One way would be yb draw carefully on a fi^iirly large scale a 

t> 7 
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triangle similar tp triangle ABC, and then f ina the ratio of the*" 
" sides corresponding to AB ah j AC. . Since the Ca, OP, in the figure 

above has a raeasuret^nt of 30^, we . could use' any^ one of these 

triangles. From measurement or^fi-om the graph, we found. * 4* 
Since triangle ABC in the sketch of the river and trees is 

similar to triangle OA,P, , by meitching corresponding si^es, v.'e can 
. say, " ' ■ . ^ - ■ ' .'•,.■.(■••• 

Since AC « 20, AB « i^Oi *rhe width of the river Is ko feet. 

Me have used similar trianeies to. make an Indirect measurement 
of the distance across the river: ^ . • ' > 

^ Because this is a useful and fairly common application of pro- 
ps rtiae of similar right triangles, it hi»^been found to be con- ^ 
venlent to give special names to the ratios of the sides of triangles. 
Actually there are six ratios of correspoifia-ir^ sljTes of a triangle. 
In this section we will give our attention to two or them. These 
two ratios are, .^j^ and ^ 

List <the other four ratios of sides of the triangle OA P . 
(pon»t forget |^ which is different from A,P, Perhai^' 

you would prefer to list these ratios using x, , y^ and OP,. The 

two ratios then becoiae JZi- and y* 

x^ WT 
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Consider a coordihate system for the plane, and XAOP. The 
segtaent DA lies on the positive x^axis and the segment OP lies on 
the r&v OP. ' If the* coord imtes of P are {x,'y) fehea . 

Let r'W,OP. Then, by^. Pythagdrean prois^rty 

We shall call the ratio, |;, the sine of angle AOP, and the ratio, 
^, the tangent of angle AOP, In a shorter way, we shall write 
; . , . sin t AOP - | tan £, AOP- |v ^ 

ihese expressions are read, "the sine of angle AOP equals and 
" the tangent of -angle AOP equals > 

The ratios ^re sometimes called the trigonometric i^tios. /The 
w0?g-^igonoiaetry" is simply. '/trison" and ^'metry" , ajnd is suggested 
by the pttrase, the saeasurement of trigons( triangles). 

Exercises €«5 

1. Find th»^ inland the tangeni of the angles, with vertex at the 

■ . . ' ' . . * ' * 

origin, shown in the "following figures? 
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What is the measurement of the angle at ti^e orl.Sln in (c)? 
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2. Draw a Tight triangle in the appropriate position with reference 
to A pair of ooordiimte axes, for which one endpcflnt of the hy- 

f 'poteriuse is (0,0) and the other is at P: ^ 

(a) Pt (M) (b) T: (2,5) , (c) (1, vT). * 

3.. List the* sines and tangents of angles with vertex at (0,0) in. 
the triangles you have draw^ in Exercise 3* 

Place the following trlar^les in appropriate positions with 

■ • *. . 
'reference to coordinate axes and find /the sines and tangents 

of both acute angles in each? 
(0) ' ■ '■ . 





5. Draw on metric coordinate |>aper, using i protractor, the fol- 
lowing angles, and by measurement find the sine and tangent 

♦ of each. - 

(a) kO<^ , (b) 7po - ^ 

".-In finding these ratios by measurement use "the base of the 
'triangle as 10* centimeters, • 



^Use the values for sin 400,'tan 40°, sin'70^, tan 700, as needed 
in solving the follovilng: ^ 

(a) A ladder, 15. feet long, leans against a hduse 
as. shown in the figure. The measurement of* 
LBUi is 70 degrees. Find BH. 

(b) The distance across a swamp is to be determined.^ RP^has 
been foun^ to be feet. Angl'd Pr4 has a • 
measurement of ko degrees. Find P?. 
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7. 



8. 



9. 




•^irvce a os^ll stream crossed the 
path represented by RQ; 'it is 
difficult to detemlne this dls- 

. . ■ # 

tance by direct meaBurement • Find 

. - . - ■ •. - . • . • ■ ■ ■ . ■ . ■ . • . 

Draw one-i*ourth of a circle on metric coordinate pa^er, letting 
j.the radius -€5f' the circle be 10 centimeters. A sketch .is. given 
as a guide. 

perpendicular to dA.a€ A. ' 

tan L hon - AR „ A£ „ ah. 
: The values of the tangents of angles 



Let/'b^ unit of l^ength be OA « 1. AT is on a line 




can be read directly from AR. in your . 

■I ■ 

diagmm. VJith a |)rotractor draw the 

angles of ^.the I'ollowing measurements 'and give the values of the 

tangents of the^ angle from the coordinate pa^r. \ 

(a) 30<^ (b) 380^ (c) 50° (d^-^2«> 

in the graph prepared for' Exercise measure ^AOT. What is 
the measurement of the angle for which the tangent is 2? Mark 

the intersection of the line AR with the top of the coordinate 

chart as T, ^ ■ 

Prom the graph prepajred for Exerci^se 7, find the .sines of the 

0 

angles given in Exercise 7. 

(Hint: Read^from the graphs paper the -lengths, of segments 
corresponding to ES for the various angles^) 
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ope of a Line 



8Q5v 



. if v;e refer again to graph a y m ax like those used in sections 
6-1, Sr'^, and. £1-3, we can see a special application of the* tangent 
oi^ ah angle. The figure represents the gra^h of y m 3^ (but no ' 
1 oncer restricted to the first quadrant). < ' 

P. 




C-2.-3) 



3 



tan LAOP m ^ 




. is called the slope of the line 2? « |x .. • 
The word "slo|5e" .sufjgest^ a measure of the steepness of the 
line. The slope of a line represented: by a' road up a steep hill' 
vdll be larger than the slope of a line represented by a road with 
only'a slight rise. Do you see why? 

In the figure the line represented 
by. the supporting or guy wire for a pole, 
has a slop of i, ifhy? 

. In the figure, lines of slopes 1, 1, 2, and-1,- are-:^rswn on 
one set Of axes. You will notice that the slope of the line" becomes 
greater as the lines become more steep. The slopes aj^ given In 
the small encircled nume^iala. 
V/Quld it be. reasonable to'^y 
that ^Ine of slope 2 is twice 

^a^a-^rteep as tfoe' line of " slope 1? 

'■ • ■ ■ ■ ' - • ■ ' ■ 

' V/hy not? , - - 
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{Thei^^are lines f or kJiich. the slope J.s negative but m ahail 
not consider lines like this l"^ this section) . 

Whilt might tie given as 'the slope, of the :^-axis? the y»axis? 

' ■ ■ / ^ \ ■ ■ ■ .'■ •••• ••■ 

i- ijasses throuf3:h. the origin as shown in the 



Suppose line passes thtougn. the origin as shown in 
figure. The smaiJLer angle fomaed hy /C 
atia the x-axis has a measurement of 
60 degrees, t^mat is the slope of/? 
Me could choose a point P on/, de- 
termlne l^S . coordinates approximate^^? 
by measurement » and then compute th^ ratio, giving the slope. Draw 
a fa^rlsf large^igure and try this method , 




Since the measui;^ of the equal angles of an equllatet»al 

triangle is 60 degri^es; we could also find the slope of / by con- • 

sldering some of l^e. properties of an equilateral triangle,, 

A 



B€ s 2 




. In the equilateral triangle ABC, AD is aa altitude of tJhe 
triangle. By use of' ruler and protractor, ineasuj?^ the sides of ; 
triangles BDA and CDA, Do the triangles appear to be congmaeht? 

Draw an equilateral triangle each side of vjhlch is three inches 
in length. Draw one altitude of the triangle. Cut the region whlcih 
is the Interior ot^he triangle out of. paper. Fold the region ^lonjg 
the altitude. What appears to be true of the two |»rts of thi^|Ln-; 
■terior? ' ■ , .1 



6.6 



Referring to the figure above we c^m show that the triangles j 
BDA and CI3A are congnient. Both of these triangles contain the aide 
BB and both are right triangles i 

' m( Z.ABO) - m( XbCA) Why? 
Since the n^asures of corresponding angles of the,t«o triangles are 
eqi^l and since they ha^^e or\^ side in consaon, the t«o triangles are 
congruent.- •■ ' 7, ' " ■ ■. ; -", 

We^nclude ^^Jbd * DC 

and BD » 1, since BC « 2,' 

l^he measurement of Lim Xq 60 degz^es* 
By the theorem of Pythagoras (ED)2 4 (AD)2 » 

• (1)2.+ aD)2'« . 

: .AD ■ 

. ■ :\ , ■ ■ . v.^' . - ' y , ■ ' ■ 

In the figure the coordinates of A are (1> ^/3). why? 

The slop^^ of the linfe on which BA lies Is v^. This Is also 
the- slope of in the figure abo\^e since HA extended would re- 
present "^^ . "f ^ ' ' 

. tan 60° -W^ 
Find the sin 6qou 

Place an eqi^iiateral triangle ABC on the coordinate axis so 
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the figure below. 
















D 
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Fio<5 the 'sine ana tangent of 30 degrees/ 

i • • ■ . . V ' ■ ' , ■ ■ ■ '. 

' " sin *30°^- ? ^ tail 30° * ? ' 

• ■ ■ ' ■ !i- '■ ■ * ' Sxerciges 6-6 " ■ * • ■ ' •• ■■ .*. . 

• 1 -v ■ , - ' , ' ■ . 

Graph the lines y * 1 x, y ^,1 ^$ and y m on the same set 

■; ■ • • 3 •. : .'¥. 
of axes, X^se ftour values of x for each graph. : Find the slopes 

of these 'lines. S . ' 

Find' the slopes^W the lines Joining the follo^^ing pairs df * , 

points: - • . . • 

■ ■ ■ •■ \ • .. • \ . . ' ; " ■ ■ . • • ' : 
(ay (0,0) and (1,3) ' \ ( c) , (0,0) and {|,5) > 

(b) (0,0) and (2,3) ' , (d) • (|,2) and (2,3) 

Draw a rectangle with 6ne vertex at (0,0) and its interior com- 

■ ■ ^ ■ k a . 

pletely in the first quadrant. The lengths of the sides of the 
rectangle s^re 3 and % Find the slope of its diagonal which . 
Ilea on (oTo). (There are two answers.) ! , 
'A.jm4 rises^lP feet over^ diitsince, of one.$^.le;, .v^t la th^, 
slope of the road? ; | 

Dravi a right Isoscles triangle and (JetQ^^ine the sine an^ tangent 

of angles of measurement, ^5 degrees, - . . • , ■ ^ 

, y sin 60o • tan 60° 

Find the ratios: (a) ^3;^ 30^^ , (b) '^4^ ^66 ! 

(c) KoT',! Is the answer, to this problem ^related to thrf con- 

■ elusion that a line of slbpe 2 is not tt-; ice. as, steep as . 
a llTie of slope 1. . . ' y 

■ ChoOse an appropriate scale on coordinate axes so that yoy\ can 

• compare', the iv^aphs of y « 7x and y « 8x, How does the measure 
of the angle determined by these lines compare with the measure 
of the angle formed by lines of slop^ 1 and slope 2? . - 



6-7, Reading a Table 

In the Exercises of the last section we found approximate 
v^ues af sines and -tangents of angles by . measurement, and bjf 
using pp- called line values as found from a gmph. Scientists 
use tallies of values of th/e trigonometric ratios computed' |;o a 
glven^umber of decimal places; according to 'the particular appli, 
cation, for which the valuers are needed, .Advanced matheraatical 
methods give much greater accuracy for -table readings than coy Id , 
be found by measurement. 

On' the next- page, values of sines and tangents are giyen ^ 
correct to four decimal places for sines and tangents of angles 
with measurement given in degrees, to the nearest degree. -These* 

1 . » • , 

will. provide a sufficient degree of accuracy for our purpose- 

Heading the table we find the following approximite values 
of some of these ratios, 

•. «. . . • ■ 

Sin i:!2S ^ .37^6 sin 57° w .8387 



tan 22^ « . ,4040 



^tan 730 « 3.^!'09 



Do you see how these V^lue.s were obtained from the ifibbles? 
If the angle is greater*- in measureme'nt than 4-5 degrees ^e angle 

is given *in the right hand column and the tables are read from 

■ ■ ■ . ■ , ■ » ■ . „ ' " ■ 

the bottom of the page. ^ 

Suppose we want to know the height of a flagpole, represenijip^ 

in the figure, A man whose eye-level 

is 6 feet above .the ground, walks ' 

20 feet in a straight line perpendi- 

jcular to the base of the flagpole and 

with an instrument for measuring 

angles (a transit, perhaps) and measures the angle marked, t. 




2X0 



'Ami* ^ 

'QO 

.40 

CO 

6° 

.8° 
90 

100 

. 15° 
I60 

19^ 

200 
210 

230 
. 240 

250 
' 260 
^70 

2B0 

290 

320 ^ 

33^.. • 

m 

360 

. 330 
390 

- 400 
410 
420 

- 430 . 

440 
450 



*0O0O 
.Q175 
•0349 
.05:^3 
.069^ 

.0372 
#1045 
.1219 
.1392 
.1564 

.1736 
.1903 

.2079 

.2250 

.2419 

.2533 
.2756 
.2924 
.3090 
.3256 

.3420 
.3584 
.3746 

.3907 
,•4067 

.4226' 

.4334 

.4540 

.4695 
.4343 

• 5000 
.5156 
.5299 
.5446 
.5592 

.5736 
.537^ 
.6013 

.6157. 

.6293 

.6423 
.6561 

, .6691 
.6320 
.6947 
.7.071 



Cotas)g«nt 



Ml 



.0000 
.0175 

.P349 , 
.0524 
.0699 

.0375 
.1051 

.1223- 

" .1405 
.1534 

.1763 
«>^.1944 
.2126 

• .2309 

.2493. 

.2679 
. , .2367 

.3057 

,.3249; 

.3443 

.3640 • 

.3339 
.4040 

.4245- 

.4§63 
> .4877 
.5095 
.5317- 
.5543 

.5774 • 
.6009 . 
.6249 
.6494 ■ 
.6745 ' 

.7002 
.7265 

.7536 

.7313 
,3093 

.3391 , 

.3693 
.9004 . 
.9325 
.9657 
1.0000 \ 



♦ ♦ ♦ • ' 

57.290 
j23.636 
19.031 . 
14.301 

11.430 
9.5144 
3.1443 
7.1154 
6.3133 

"5.6713 
5.1446 
4.^7046 

. 4.3315 
4.0103 

3.73*^ 
3.4374 
3.2709 
3.0777 
2.9042 

2.7475 
2.6051 
2.4751 
2.3559 

;2.246Q 

2.1445 
2.0503 
1.9626 

' 1.3307 
li3040 

1*7321 

1.6643 

1.6003 

1.5399 
1.4826 

1.4231 

1.3764 
1.3270 

.1.2799 
1.2349 

1.1913. 
■ 1.1504 

i,iid6 

i.0724 

.1.0355 

l.< 



tiflili 



.«7 



4 



1.0605 

'.9993 
.9994 

.9936 
k9976 



90« 



4» e 




.9316 
.9731 
.9744 
.9703 

.9659 
.9613 
.9563 
.951p. 
.9455 

.9397 
.9336 
.9272 
.9205 

.9135 

.9063 

^.3933 
.3910 

.3329 

.3746 

.36^ 
.3572 
.3480 
.3337 

.3290 

.3192 
-.3090 
*7986 
.7330 
.7771 

.7660 
.7547 

..7431 
.7314 
.7193 
.7071 

Bixm 



*^70 

360' 

350*. 
340 
330 
320 

eio 




700 
690 

630 

.670 
6^0 

650 
640 
630 
620 

610 

6O0 

590 
530 

570 
560 

5^ 
540 

520 
510 

500 
490 

^430 
470 
46P 
450 

AAglft 



H© records Ilia measm^sieiit as i|0^. what %a th© height or th^ flag 



poie? In the„ f ignite, ^ 



20 tan kO^ • AB 



• 20(.839l) « AB 
The height af the flagpole is 23 feet to the nea^st foot, 

1. Use tWfe table to the following 

(a) Bin 10^ ^ • (f) tan 40° ; 

(b) tan 10° . ■ J (g) tan 50^ ' • 

(c) sin ^*1<=^ (h) tan 60«> . 

(d) sin 63«^^ (i) tan70^ • 
fie) sin 829 * (j) sin 88€* . . 

2\ Cfneok the px^perties of the numbers in the sine columns of 
thejbabie by a study of the"iiitt»^l^^r-v*go you agree with these 
state^nts? ^ 

^ A. The sine of angles in the Table is always between 0 and 1. 
-B, Th^ sine of^^^ngles increases with %m sise of the angle 

between 0® and 90®. 
43. The sine of angles lesB than 30© ia less than i. 

D. ' The differences between consecutive Table readings varies^ 

throu^out the Table, 
. ■ ■ • .-. 

E. The difference between the sines of two consecutive angles- 
is igreater for limaner' consefsutlve th^n f or lai^e con- 
secutive aiigles, 

3. State properties for the tangent columns which are similar 




ai2 
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> to those siv*eh;in PiKJblem 2 for the . sine columns, ' - 
K Why, Is there no value- listed in the ^ble for the tan 90^ * 
5. Find theV following produet a: . ' . . 



if) 0.27 sin 

(d) 0.05 tan 80° 
A 



* (a) 100 sin 32® ' 

(b) 81 tan ^^SP 
'\ •6. Find (a) AD . ^ ' ^ 

■, (b) - BC ^ \ ■ . ■ . y 
. .Given the measureinent of , 

t ABC as 60^ and L ACB a^ %9 

• . V S-^U-^^roportionality J.n , Geometric Figui^s ' 

— , ■ ' ■ •.■•""»■, , 

In the figures below^ there are two circles | two rectangles, 

■ • " ■ • ■ ' ■ ■ ' ' . . • . ■ '* ' , • ^ 

^ two triangles, and twoJ other simple closed curves. In pairs the 

two figures of a set' are said to be ".similar. ; They have exactly 

-the.- same shapes, 'but their interiors do not have the same size. 




4^ 





CD 



0 





' It appears tlmt elements of the following sets may be said 

. • ■■ . ■ . ■ • ■ " ' ■ ' , 

to be similar 

• ' • •' " • . . 

' ' (a) . al3» circles 

,fb) all equilateral triah^^s 
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(c) all .rectangles of which tB| ratio of the two 

adjacent sides is 3. ^ 

(d) all isosceles right triangles. 



l ' 'Name some other exampjles of seta, of geometric figui^^ of which 
■any two ^ pairs ax« slmiXar. . ' - 



Suppose we have two trlangies like those' In the figures below • 





Their angles are congruent in pairs and ratios of sides 
opposite equal angles are 2 (if the# larger side is named first in 
'the ratio).' We may use the notation i 

to "s&tch" the. triangles. This is ^^^oorrespondence, but of course 
it-is not a ^ongi^enoe (See Unit 4.). since the sides of A^B«C« are 
larger than the corresponding sides of aBC. Correspondence oif this 
kind Is. ca'llad similarity. In this ctJrresjjondenee 



A 
AB^ 



A« 
A«B» 



and the angle cont,a4ned in ABC wlti|^v 




A 'Corresponds to the* 
angle contained in A«B»C« at A » . A similar correspon- . 

Of angles with vertices on B and 



( denoe is establlsh^^^ii^ 





pQrrespondence the lengths :;of thr -i&h ot th0 ti^r ^ • • 
seqtiences o^^sitive numbei^ in a very special 



or 




b» 



2b 
2 



20 



^ « 2 



Sequences of positive numbers related inMhls^i^^^t^iigt^^^;^^^ 



prQportiowl. Two sequences of nuat?ei?s which . lire prop03»tional are 
soi&etliaes deslsmted as follows: ,^ 

The constant ratio, namely * ' 

a« , b« . ©« « 

• a _ ¥7 e , • - • .. ^ - -^ 

la cailfd the constant of propoptlonajlty* 

' ' Exercises b*{5 
1« In which of the follow!^ sets are any pair of elenents 
• similar? 

(a) Isosceles triangles 
« (b) se®Hient& ' • 

(c) rectangles* for which- the ratio of length to ^^^^^ is 7 

(d) parallelograin with angles of 120° and 60® \ 4^ 

(e) . cubes . - 

*(f) ellipses . ' ^ 

2« Is a congruency .( relation between two congrueni triangles) 

a siiBllarity? Why? What is the ratio of corresponding sides? 
3« the measure of a side of an equilateral triangle is 4. The 

measure of -a side of another equilateral triangle 18 ^5", 

(a) are the triangles congruent? (b) are they similar? 
4. Let ?i, ^3* and % be points on the gmph of y ■ 5x in the 

first' quadrant . Draw perpendiculars, from theae points to- the ' 

(a) Is there a correspondence which is a similarity among 
pairs of thesre right triangles you formed? 

{•b) If the intersection of the x-axis and the 'perpendicular ; 
on Ti is A 2, and similarly A 2 Is a point on the x-axis 



and on the perpendicular on iist corresponding vertices 
and sides of the two "triangles. ^ 
5. . .If a, b, c,?y a% b«, o' v 

, and if a - 2, b « 3, c * 3, a»^« 4, find b« and c^. 
6« Draw two triangles o^ sides, a, b, b, and a», b», b*, for values 
given in Pro^em 5. Meas\ire their angles. Do the angles 
a|jpear to be equal,? . - 

7 \il » ^^^^ €3« „ 7 ■ - . * • • 

. •.. a b c " . .d , ¥■•■.■ ■ ■ 

' _..a« = 2', b « 3, c' « i^, d«'« 5. Find a, b», c, and d,^ 
8, Two seqliences are proportionals "^he c6nstant of pr<v - 
portionality ^is 3. In one -sequence the first number is 10 • 
• and eath number of this sequence is 10% greater than the one - 

1 •»■■■*.' . • " • • 

^ ^ wh-ich precedes it. Find 4 numbers of each sequence. . 



6-9\ .The Similarity Property for Triangles . 

• . ■ . ■ ■ ' ■ , , ■ ■ * ■ 

^. In earlier sections' we "^iave considered only pairs of right > 
t^l»^iangles which are similar. -By measuring, bs? reference to re- 
lated graphs, and" occasionally by informal deduetioft we have 
concluded tl^at if an acute angle of. on^ right triangle Ims the 
same measure, as an i^cute angle of another, right triangle, theri • 
pairs of .eorre8fK>n^m^^\^^^;;of : ..the twi?- right triangles' are ' . \ 



. - The converse of this property is also true but no attempt has 

* ■ ' 

been made to provide an \argTiment tol support the converse. It is 
suggested as a BRAINBUSTER in this Jtection, In later work in 

. • 1 

geometry this |froperty will be prove<a 

Let us now consider similar triangles which are not neces. 
sarily right triangles. 



H5fflnl5lDn, If corresponding angles of two triangles have the 
same meftlure then pairs of corresponding sl^es of the two triangl 
aa*e proportional.'-' 

We will make two assumptions and use these ^s properties in 
solving problems. ' ^ 

Assumption 1. If two triangles are similar"; then corresponding 
sides are proportional. 

Assumption g. If a correspondence between pairs of sides of two 
triangles can be established so that corresponding sides are 
proportional then borresp^ding angles have^ the same measure. 

Assumption 2 i^ a converse of Assun^P'^ion i. 

Arguments to. support Assumption 1 somewhat like those used 
in developing the property of similar right triangles can be de- 
•veloped but they J.nvolve some (difficulties which might better be 
left for later study of geometry. Work with the exercises should 
'make these assumptions appear quite reasonable. 
Example. Triangles ABQ and A«B»C« are similar. AB » 6, AC •* 5# 
BC and A«C« .« 8. -Find A«B» and B«C» . 

^ A»S' A«C» 

IB—. - 7[C^ 

ft'B' „ 8 
A'B' - 6(1) 





A«C« 


'BCT""*' 








■ B < C « . 


8 

3 ■ 


B«C« - 


4(8) 
5 


B-«C' - 


32 oj, 52 


5 5 



Sketch the triangles tb see if these Jesuits appear to be 

. , ....4 . 

reasonable. . 
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Triangles RS^ and R*S«Ti*are similar, 
r m ST, r« « S*T«/ 8 « and so on. 
Find the lengths of the unknown sides i 

(a) r - 1, S « 3/2, t « 2, r» - 3' • - 

(b) r « 3, s m k, t - 5f t« « 25 

(c) r « a «.t « 8d, a' » 30 

(d) r». « 8« I- 7, t - 7, t« « 7/2 
tsr?' s> -l.tr -2, s. 5^ 

. * . . ■ • 

^ssumlng the. three triangles are similar, find the unknown 
sides: 





A triangular lot is in the shape of an isosceles triangle, 
The measure of the equal sides is lOG feet and the measure of 

the third side is 50 feet, A building is to be built on the 

■ ■ ■ . • .., ■ ■ , , ■ 

lot in a shape similar to the lot. If the ratio of lengths 

of corresponding sides is 1,,5 to 1, find the measures of the 

■ . I- ' ■ ■ • ' 

building. . 

# 

A body of water is roughly triangular in shape as shown ^ 

B 

in the sketch. Find the length of the road around the 
lake by drawing a triangle' similar\o the one given 
and measure its sides to the nearest centimeter, l.et' 
B»C» in' your similar triangle be 10 centimeters. The 
part of the roa^ represented by BC is 7 miles long. 
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The measurement of ^ngle BCA^ls 30© and >r angle ABC Is 70°. 1 
^The roads represented by AB and AC are diTflcult to measure 
directly because of the terrain, ) 

The lengths of the sides of triangle ABO are 5 inches^ 5 inches, 
and 7 inches. The shortest side of a similar triangle A 'B'C? 

is 10 inches. * ' V 

• . - • ■ . ■ . • ■ '* 

(k) Find the ratio of the perimeters of* the triangles, 
(b) Find the ratio of the areas of the triangles. 
6. /ind the ratios of the perimeters and^^he areas of the 



triangles in Problems 1(a) and 1(b) 



\ 



7. ' Make a statement about the ratios of the perimeters of tijo 

similar triangles. t , \ 

8. Make a statement a33out the ratios of the areas of two 
similar triangles. (Try other examples if no relation 
appears, from Problems 6 and 7.) . "x ■ 

9. Bf?AJNBUSTER. Prove that if pairs , of corresponding sides of. 
t^^o right triangles are proportional, then the two triangles 
are almilari' \ . •■ * '. 



o 
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. ' , V A R I A 5? I 0 M / ' 

\ " DUreot Variation 

When you wei«^ v©3?y young,^ 
cancSy baro you feoii^t, the abpe you had to pay. You ioiew that tha 
ffioxte menOa you ahared a caiidy bap with, the le»« eadh peroon had. 
You tmderatood thiB ppaotlcai application of vaitotioa ve^ olearly, 
eyen though you did not think of the natheiaaticfl involved. - 

Now you are ready to think about variation in a awiiewhat more / 
mature way. From t^ word/ variationriyou may^^^e^^ that ma 
chapter wiU. deal with the- ways that quantitie© change, and hbw 
certaiii chasigels influence others. 

^ All aro^yad you tliere are quantities that change in a related 
way. Have ;fou ever watched the changes in the nuBier&la.idjich 
appeared in the windows of a gasoline p^ as the taijk of your 
fWtlly automobile was being filled? As yw* saw the nuafljer of 
gallons increasing, idiat was happening to tite cost? - \- 

In mathoaatics class we say that the cost varies as the nuaiber 
of gallons. If the gasoline you buy is marked to sell/ f or 3S cents 
per gal3,on, how can you show how much 5 gallons cost? Con^iete a 
table^ like the one belows * 

Nuiaber of Oallons 1 4 5 6 7 8 9 10 11 

Cost in Dollars .3^ 

Obseainre the oon^autation you carried out and tem in words what 
the cost is^ in terms\f the nuiaber of gallons and I . 32 per gallon. 
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1. Write a sentence in mathematical terms kbout the total cost « 
t cents of gallons of gasoline at 32 cents per gallon, 

Xn this statement the cost ma^ also be stated as 4 dollars. 

•' ■ • . ■ ■ .■ . . ■ ■ - . . — 

, .Write the sentence a second \t^g using d dollars. In the 
first form, what happens to t when n is multipled 5 ? 

2. Su|)pose the gasoline you bought cost 33.9 cents a gallon. ^ 
Write a sentence showing the cost « c cents of g gallons of 
this gasoline. What Is true of g when c 'is doubled? 

3. In c « 5n, c cenrs is the total cost of n candy bars at 
5 cents ea6h. Suppose the price of each bar is raised to 

7 centa^ and write the fonmila for the cost of n bai^s at the 
higher ra^e. Is it possible in c « 5n» for n to remain 
unchanged as c increases? 
4/ If yo^ p^ce is normally about 2 feet, how far' will you walk 
in n steps? ^ Use d feet for the total diatance and write 
the formula. If h increases, can d decrease at the o#afl» 
■time? !' ■■ " ■ ■ ■ • ■ , . 

■ ' ■ ■ ' . ■ 

5, Write a fornaila f 02^ the number of inches i in f feet. 
As f decreases wh^t happens to i ? , 

6. Write a formula for the perimeter, p units, of a square of 
side s units. As p decreases must ^ a^so decrease? 

In each exercise above, the equation you wrote followed a 
-pattej^ri. Did you observe that in each formula you had a nuiM^ral 
and two lettisjrs? Th& letters can be replaced by ai^^»bpriate 
nlumerals, but the stated nximber in each case stays the same. 
Bei^ause i^his i^uniber does not change in a specific fomaa, it is 



eallfid a constant; In pu^ statements^bout dit»eot varlatHon^ «re 
shall use k for this constant. For the two variables we shall 
use X and . Eacli fonaula stated, in effect, that y » tat 
where k is a constant not zero; k is called the constant of ^ 

profjortionality. > , * 

* . '■■ '. *' ' ■ ■ ■ ■ 

The matheioatical sentence y * kx ' states that y v£p:*ies 
directly as x . Other expressions used to describe this 
relationship are "y varies as x **v and " y is proportional 
to X If y ' varies dl3?ectly as x , then x varies directly 

as ■ y ■ ' ■ : \ 

... . , ■ ■ " ■ . .■■■/■ 

Definition . If two quantities, x and y are connected by 
an equation y « kx v^ere k is a constant^ ^ot zero, then y 
varies directly as- x . 

A SKercises 7 -lb 

1. State lihe value of the constant, k ^ in ei^oh. of the 

i^uations you wrote for £x0rcise8 T-1^ 

2, Can you wr^te t^e equation^ 3ji Problesj 6 of Exercises 7-la in 
the form p/s « 4 ? What restriction does this fon^ place 

■ , j ' on s ?' ' ' . . '" • ' 

3fl - Find k if y vartes directly as x , and y is 6 when 
'j- . X ,is -. ^ \ . ' , 

4.- 'Find k if ^ y varies directly as x , and y is -3 when 
■ ■ ■ X ;is -12,, 



a 


b 


20 




2 


50 




3 






rT 

f 


100 




10 




11 



SoBietiiaes.it 1b required to write an 
equation from a given set of values. 

tke'^'lnformation in the table, does 
it appear that a varies directly as 
b ? ^iQfiy? What equation ap|>ears to 
relate a\ and b ? 

... ■ ■ ■ • " ■ ■ 
From th^ information in the table below j\ does it appear that 

a is proportional to b ? T^rite equation ^f you can 

a 0 2' 4 6 8 10 

b^^ 0 1 2 3 4 

Suppose that d varies directly as t and that wl^nl t is 
6, d is 240, Write'^e eqJttion relating, d and € . 
^se the relation y ^ ^ to supply the ad.ssing values in ^ 
the following ordered paire; )| (-3i )j (-2, )i (-1, ); 

(0, )i (2, )i (5, ^ 

Plot the points you found in Problem 3 on ^aph paper. 
What seems to be true aboiit the points you plotted in 
Problem 9? What kind of otirve do you think the ci^e through 
the points wHl be? Qraw the graph of y « ^ , * 
How many points do you really need in order to draw the graph 
of y - 1^ ? usually it is wise.to find an extra point. 
Why? 

In the relation of Problem 89 when x Is doubled, is y 
doubled? '"When.^ x is halved « what happens to y ? When y 
is multiplied by 10 t&it'^liappens to x ? Are your statements 
true for negative values of x anil -^y ? 

In the general equation, y ■ kx ^^t happens >to x if y 

■ ■• . . ' ■ 
is halved? What happens to y ir x* Is tripled? • ' 

7"/; • ■ V 



14. IJpaif taift' graphs of th© •^\itiioii« b»l<^ uai^ tha oam set of 

(a> y • X- (e) y - |x 

(b) y - ax (d) y . 8x 

15^ What point do all the ^as)hs in Pa?ohleai|l4 have in coia^n? 
ilhat* is tJie interseetlon set of all the ^«aphs? What do you 
observe abmit^ the effect of the change in ^ constant upon 
the graph? 

16I Without drawing then, iribat can you say about the graphs 
y - IQOx and y - 5x • 

17. Give an exaa^le^ direct variation ichen t^ constant of 
proportionality is a large nuaber; give another excm^le wheare 

1 > k > 6 .■; ■■■ ■■• ■ ■ , ■ . 

18. What tls the constant of-^proportionality in c * 2r r ? In the 
case of y - lOpx the values of y are so large that it msy 
be advisable to adjust the scales lised on ;^the riferonce lines 
in order to draw the graph 
conveniently, liote the 

feffect this alteration has 
ij on the appearance of the 

graph. Can you Understand 
, why it is important to mark 
the scales « and to observe 

the scales in studying a graph? Write the equation of the 
plotted graph. One way to find it is to use a pi^oportlon: 




JIotio« tJ^t in the proportion form, x may not be zero. 
The form y • 50x where x and y aay he zero is the equation 
of the graph. 

In the work you haye just had with direct variation, the 
constant or* proportionali^ ^hae been pjsitive in^^ww*^ example; * 
JPhe applications you are likely to meet in Junior high school will 
almost certainly involve positives-values for % ... Situations 

ej:ii3t where the conptant of proportionalilqr is negative and you 

.... 

may meet examples as you advance in your study of science. What . 
happens in y « kx when k is negative? 1%^^ x . is multiplied < 
by 10 is y also- multiplied by iQ? Wien x inc3E^ases what can 
you s£^ about y ? How is this different from the situiition for 



. 7-2. InWse Variation 
The child who shares his apple with a plaorxnate knows that 
when two p^ple ahai^, each gets only half of an apple. Those of 
you who^have experimented with a lever know ti^t if a weight is 
tripled, its distance from the fulcrum aus't be divided by 3 to 

V 

retain. the balance. If you drive 100 miles at 50 miles an hour, 
the trip requires 4 times as long for you as it* does for the air- 
plane which travels at 200 mi^!^ an hour. ' 

In direct variation, . y « kx (where k > o), you observed 
that if X increases # y also -increases, and If x decreases', 
y decreaeaie. Perhaps you havfe"* anticipated how Inverse variation 
Is defined.^ You may have realised, |fn the first statement above ^ 
that When the number, of children increases, the amount of appl6 
available for each one decreases. . The ^following exercises will 
suggest more exan^les of inverse variation for you tp examine. 

■■ . ■ " Ssercises 7 -2a . ' 

^fK ^^i® below, as it is now filled in, shows two 
possible ways' in which a distance of 100 miles can ' 

be traveled. Copy 4nd complete the- taiJle. 

- . ■ .-■ ■ ' . • ■ ' ■ ■ i" ■ 

' Rate (ml. per hr.) 10 20 2S 40 50 60 75 80 100 % 
Time (hours) . ^ 10 5 ^ 
(b) Prom part (a), use r for the number of miles per hour 
and. t for the number of hours and write 'an equation 
connecting r and t &d'100. , ' . 
^ (c) When the rate is doubled what is tlje effect upon the 
• 'time?' , ^ 
(d) l^lpn 't increases what happens tb^ r ? 
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♦ • -f . . ■ ' . . ■ : ■■ ■ 

(a) Suppose you have 2^0 square pa^ip stones (flagstones). 

Ybu can ararange them in rows to fbmj 'a varietur of 

p ■ ■ ■■ :••* ' ■ . 
5tanguiar floors f ob a |mtio. If s represents the 

)er of stones in a row and. n represents the nuipber 

■ . . » .■ • . . . . ' _ • 

* • 

of rows, what are th^ possibilitiesi* ' Pill In a table 

like' thie^ one. ♦* ' ' / > 

• , . - . / - .♦• ■■ ■ •■ 

' .Number Qf -Stones; 240 \ 

Jfumber of 8ton«e in a row 10^ 12 15 l6 .3Q 40 
Number of rows \ • 

(^) * Write an equation oonneoting n , s V and 24<I^. 

' ■• ■> ' ■ ' * ■ ' ' ' J'' 

(If you cannot cut any of the stones, what can you say 

about the kind pf pumbers n- and s- Bsust be?) , . 

(a) A seesaw will balance if j ^ r^n r 

wd « Info- when a^eight of " 7. 

■ w pounds ds d feet from the fiilciSm and on the other 

t s^ide a i^eight of W pounds is B feet- from 1^e 

/ . fuicruin. Jf: .WI>,^= 36 , find D whei^. W is^^^2^^ 



• 18 and find W when. ±s X, 6; 12.^ 
(b) .Wmt happens to W , aaT vB is doubildi? What happens 
v ~ to D as VI increases? a 1 ' ( - 

Write an eq:u'ation cdnnectiiig. rat^ of interest . r and the. 
niai^feer of dollars on dejKjsit ]p withva fi:^d interest ^ay- 
ment of I'SOO per year. What happens to r when p ia 
'Rubied? If the interest rate is doubled what d^you say of 
aiK>^nt' o'f ^^ey on .ilepo^it? . 




.A liength of 20 inches is t^Se- divided into "a nuaiber of equal 
parts. Write, an equation comiectJj!% the ntimber or parts n 



s 



wito the' length / of each jiart , What? happens to the 



•A. 
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r»Miber of parts if the length of each pai»t is dindeti by. 3? ' 

. s , , , '.' . ■ - . 

Vr|.te the equation^ In Prohlemei 1 (b), £ (b), ^3^ 4, and 5 in- 

a column. Eave you noticea the pattern in .these exaiaples of 
Jjiverse Variation? Ja a constant Involved? ' What is the raathemati 
caa sentence which describes inverse variation the wa^ y « kx 
shows direct variation? ; 

The €lquation - it s^^iiere k is a constant and* not zero 
st^tes'that x varices inversely as y . (or that . y varies 
inversely as x ). . 

Definition. If two quantities x and j connected by 

the equation xy « k where k is. a non-aero constant, then y 
varies inversely as x (and x varies inversly as y ). 

^otice that in each case bf Inverse variation described so 
far, the constant .pf ^ptKjportfonallty, k' , .has been a positive 

number. As In the case of direct variation, .'k may. be negative 

''■'-,■•'■•'*■•' • ' ■ - • ^ '.- * • ■ - 

in' special cases but our study is confined to k > 0, ' 

• \ Exercise '7-gb ' 

1. St^e tl^e ^stant in each of the equatloi?s'for^Probl(eias 
1 (b) , .2 (b>;- 3, 4, ahd 5 of ^ercls^s^7-2a. ^ 

2. State your Ihipressioh . of . the. difference between 'direct S 
variatl,on and inverse variation. . . ' „ t 

3. Find k if y .varies Inversely as x •and' if jr is 6 . • 
^hen X is 2.* , ' ^ . — ' 

4. Find k ^if x ' varies inversely as y and if y is - 
■ when X is i. J ■ ' 



From the infonnation in the table does it appe^ that $. 
vm*ies inversely as b ? Explain yo\ir answer,. 



a 


-4 -i- > 1 


3 


8 


19 


Ml 


y 


:-8 -2 2 


.6 


16: 


38 


82 ' 



Suppose that a varies inversely as b and that & and 
b have the. oori*esponding values shown in the table below. 
Wsljl^^an equation connecting a and b . Are all the 
entries in the table needed? 



a 


4 




1 


bi 


3 


6 


12 



Study the pumber ip^irs^irtiich follow: (-2, 8); (-1, 2); • 
.(6, 6)i (1, 2)| (2, 8) 5 (3^ 18) I (4, 32). ^ . 

■ ■ , ■.. • :• • ■ . • . • \ 

(a) Does it appear that y varies *directl^ as x ? 

■ . ■ . ' " ' ' * ' , 

(b) Does it appear that, y varies inversely as x ? 

, (^) ^ Supply the missing values in the table below where 

3sy « l8. • I ^ 

' • • • • .1 

-4 -3 -2-1 12 3 4 5 6 7 8 9 l8 



(b) Is it possible for x ■ or y to be zero^in . \ 

" xy « ? « Why? - " • ' ■ 

• ^ " - o "'' ■ " ' '' ' ■ * ■ ' - " ■ ■ 

(xj) Plot on graph paper ti^ points whose coordinates you-. 

■ ■" ■ '•• • " ■ - ' ■ 

found in pglrt (a) and draw th^ curve'. You may wish lib 
• ^ • * ' • ' ^ '. ■ 

X ; find more niamber pairs^ to enable you to draw the curve 

' / ^ more easily. Does your curve look like the one ^follow-'' 

' ing question 8e?^ ' , , \, 

td) ;Vhen X - Is doubled is y also. doubled? See your VgrapH. 

What happens, to x * when y ' is divided by 6:? Are your 

■„■'"• ' (■ ^ ' '' ■ ' 

/ ' r^jsponses true for negative values Qf x and y ? 
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(2) Some of you may Imve met thia.curve In the seventh grade 
in connection with th6 .Xevex*, or balance . The^rve, of 
which yolir ^aph is a portion, la caiied a lOTerbola. 
It has JSwo bi^anches. A hyp^erbola shows ? variation, 



— Ir 

-5 




ro 



5 -r 



iO 



1$ 



230 : ' " / 

* ■ 

(a) In the general equation » k where k is a 
^ constant not e^ual to zero, may y ever Hp z^ra9 

(b) In xy • K what, happens to y if x is^ doubled? 
What happens to x If y p.B multipliea by 8? . 
What happens t<o y if . x • is divided by dO? 

1|>. (a) On graph paper, d3;»ftw 'the graphs of 1?y ^ ^» 

xy w ^ \ » 

(b) In part (a) what; is the intersectioi|5-ret of the 
three graphs?. Did you remeaiber to use negative 
values for x and y when ^ou plotted points? 

(c) ^'what is the effect of the constant pn the ^aph 

of xy « k ? » 

,•_>,. . . , . ■ ■ 

• Notice that in the discussion of> direct and inverse varia- 

. '■ • . \ 

tion, the, letters x and y may be used interchangeably. In 

y.« kx , if k is not *ei*o, we*'say that x varies, as y and 

y varies as\ x . In xy ^ k , k cannot.be zero and we say 

that ■ X varies inversely as y or that y varies ii^versely 

as X • , In these stat'e&ents x and y are the variables. 

and k repz»esent8 the constant or fixed value appropriate to 

tjie particular, case. In the general equation the letter **k" 

is used rather thai;^ a particular niuneral^ in order to inciule 

all possib.le cases. Since for. x 0 , the equation xy « 

may be written y = k • ^ which says that y varies dire 

af the^reciprocal of x • ^ ^ - T ^ 

Occasionally ^yot* may *8^e direct variation- represented by - 

the statement y/x « k. There are times when this form, is . 

useful, afs in Unit 6, but from your work with zero you know * 

that ^y/ic « k excludes x » t> /. %toehce you may use this fbrin 

\ 



Mtw^ woen you ape not; mtjerested HKthe value of zero for x 
When y/x » ^ is us6a, the number zero cannot be in the domain of 
the variable \x . ' 

The graphs. of y « kx ana.:xy = k include points with 
negative coordinates. In ftany practical situations thes0 negative 
numbers do not have a ^Mnsible interpretajion. The niaaber of ^ 
stones in Problem 2 of Exercises 7 -2a must i be a positive whole 
numbW, It is not reasonable to speak of a negative number of 
"iSones^ or a negative number of rows. In situations w^er^ direc- 
tion is important, negative numbers help in the interpretiition. 
Negative temperatures, are temperatures below zero, for exan«>le. 
Think of a physical interpretation for the equanon d « rt which 
is acceptable for both positive and liegative values of t . 
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V * * • 

7-3 s Other of Variation 

, ^ You are familiar with maiiy ^situations in' which one quantity 

• ■ ■ -■ - ■ • ■ , ■• ■ '■■ 

Changes *?hen another one does. 'She co^st of filling the gas tank 

•j . . ■ ■ - ■ - ■ ■ - ■■■ . 

In, a car changes when the nuinber of gallons puTchaaed is changed 

(0|P when the price of one gallon of gas la changed). Your weight 

cl:^anges when your size changes. The height of a certain W'ee 

changes when the number of years it has been*growing is changed. 

The time re<|iulred to travel a certain distance changes when* the 

speed at which you travel is changed. The total a^esL of a cube 

■ ■ f» . , ■ 

Changes when the length of a 'side of the cube is changed. (Of 
course/ all the sides wouj^d have to be changed so that the figure 
remain^ a cube.) 'The amount of destrujction caused by a certain 
type of bomb, changes wh^h the size of the bomb is changed. 

• Some of the relationships mentioned above are quite simple., 
and have ^en dlsctissed in Sefctions 7-1 |nd 7-2. They can be 
described by o^e of the equations y « kx or xy = k and we 
have seen how they can be pictured.; . « * ^ 

In this section « we shall consider some' more ceppllcated 

relationships' and see how. they '.can be described by equations and 

. ' ■ ■ . ' ' '\ 

pictured by graphs. In many applications, negative numbers are 

• ■ ■ , : , , ■ •■• ' 

not usfd t^'or'lnstahce, for^the area "bf the surface of a cube), 
but in some, applications a negative value for x or y is mean- 
. ingful (for' Instance » -for the - temperature, or for a person's .bank 
balance). We shall frequently draw the graphs, using both positive 

... . %w . ' 

' and negative values of the variables . in later work, you will 
find th@.t t^e entire graphs are used Ip other connections 
, . Of the relationships mentioned' above, many ar^ too difficult; ^ 



r~ for U8. In^fact, the only new ones which is simple enough for us 
to consider is the one connecting the area of a cube with the 
length on one side. For a cube 2 iisches on a side, ^ach face 'is 
a square. What ia the area of one face? How many faces are 
there? What is the total -^a of all the face^? It is quite 
easy to make a ta^e of some of the eorresjjpnding values for the 
. total area A sq. -in. iSf the cube and the ^ " s A 
lengths in., of one side. Some 6f the .1 6 . 
vdSjlues are given in the table. Check these \ 2 '24 
values and find the others. U-^ 3 

What information can we get from this 4 - - 

- ■ ~ • ■. . . / ' ' ■ ' 

short table? ^Does A vary directly — s ? ' 5 , 

or Inversely as s ? or is this relationship 6 2l6 
more complicated? Certainly the product A - s is not a constant, 
so ,A'. does' not vary inversely as > . 'a1so7 A/s is not 
constant '{6/1 9^3^4/32) so A does not vai^r directly as ,s, 
Tliis relationship^.^.^^^^ L^t us tr^^ to picture it - 

a grJjph 'and describe it by means of. an equatiqh,; as -we have • 
for the simpler relationships of Section 7*1 and 7-i2, - • 
The grajfh is sketched 2§otA ■ • ' 



at the right! Since A 200 
takes on values from 6 • . * 1.50 
to 216 Willie the values ,100' 
of s gb^frodi 1 to 6, ^ 50 
it ds isonvenient to use. 6 
different scajes on the . 




y. 



'pffo axes. Graphs appear frequently' ij^^^^ 



publications. Whenever you look at such % graph, be sure to ^ 
'.»■'', . . . ' . " ■ 

noliice what scale Is used on each axis . The graph on the 

previous page would look quite dif^i^nt if the same scale were 

used on both axes. Sketch a portion of the curve and see. ^use 

the points (1,6) and (2,24) the other values of A wUl be too 

large "to vbe ;ahown on your paper.) Can you find, from the graph 

on the previous page ^ the area of a cube 3.5 inches on a side? 

Can you fii^d the length of one side of^ cube . whose area is 

175 sq. in.? Old you find exact values fiW the graph? 

* If the length of one side of the cube is s Inches, what is 
the area. Of oneVface? How ©any faces are there? What is the 
total area of all the faces ^ You shoiad havls Tound that A * 6s^ 

.Can- you find, from the equation, the area of a cube 3.5 inches on 
a liide? Is It easi,er to use the equation or the graph? lajn you 

think af a.cas^ when it would be* better to use the graph, and f 

■ . " . ■• . ■ ' ■ ■ . . . ■ . , . • . ■ ^ ' 

another one -when it would be better to use the equation? * . 

Sihoe A and s are .connected by the equgrtj'lon A » 6s V 

• ■ . ' ■ ■> ■ , . ■ *' ■ . * 

we see'-^that 6 is the constant of proportionality between the 
corx*espbnding values of A and s^ . Sinbe the^i?^ is a constant 
of Proportionality between A and s w0 .see' that A Is 
proportional 'ta s.^ or A varies directly .a^, . ' - 



DefinltlDn . If two quantities' 4?c ;'and. .y / are relate(i bjf 
equation y e kx , where k is a constant not zero, then 
varies directly as x . ' / * , ' ' 

ThlB' definition is i^ally hot new. It ^ Is - Just. a restatement 

|rith diff-erent symbols, of the definition of direct variation in 

'• ' ' ■ ' ■ ' ■ .* - ' / ' ' ■ -p 

Section 7-1. The statement "y varies directlj^. as^ x*^ " tells 

• 't- *> ' ■ ■ " ' ' 

us that y *« kx for scaae constant k . It doesjjnot tell us 
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th« valviej>f K , In somp applications, k is a negative 
nufliber, but we shall considti* only positive values of k In this 
chapter. \ • . "f ■ 

•The graph of y « 6x/ la drawn below. For* positive values 
of X we can interpret y as the area in square Inches of a 
cube with side x Inches. For negative ^al^es of x , the 
varlablesi cazihot be interpreted in this wayi but the entire 'graph 
is used In more advanced work. 
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1 2 3 4 5 
Exercises 7^3a 

(a) A table in this section shows some corresponding values 
of the length d Inches, or one sl^e of a cube and Its 
area A square inches. You were asked to find the 
values missing from the table. For each pair of corres- 

- ponding values in the completed table, find the quotient 

.2 - t 



(b) Use the graph of y = 6x^ d3?awn in this section to 
^.swer the followinig questions: 

,(l) What is the area of a. cube of side, 2 1/4 inches? 
(2) ,What is the side of a cube whose area Is 75 square 
inches?' ■ ' . ' ' _ ^ 



o 
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Xiet S^t>e the area in sqiiare centimeters of a sqijiare vdLtli 
edges el 'centimeters long. 

(a) Find an eiiiiatji,on connecting S and e . 

(b) Tell how S varies with e . 

{q) Plot the graph of .the equation you found in part (a) . 
Use values o^ e from 0 to 15 and choose a convenient 
scale for the values of S - . \ 

(d) Prom, the graph you drew in i>art (c), finds 

(1) The of a square with edges 3 cm. long. 

♦ • . ■ ' ' . ' ' ' ' ■ * 

(2) The length of the edges tiof a square of area 
6^ square cent^imeters^' 

(3) The area of a square with edges 5.5 cm. long. 

(4) The length of the edges of a squiare of area 
40 sq. cm. 

(e) Prom the equation you found in part (a), find? 

(1) The area pf a square with edges 3 cm. long. 

(2) The area of a square with edges 5*5 cm. long. 
If E is proportional to the square of * v ' and ; E is ^4 . 
when f- is 4, find: , 

(a) An equation connection ^j; and ^ v . 

(b) The value of E v^en \_i.B^f [ 

(c) »aiie value of v when E iB l6, . 
Suppose grass seed costs 70 cents per pounds and one^^tind 
%rill sow lan area of 280 sq. ft. 

(a) How many pounds of seed will be needed to sow a square 
plot 10 ft, on a side^S. 

(b) : H.W m.ch wilX it cos^-^ buy seed to sow a .qu^ plot^ 

■ .■ ■ 

10 feet, on a side? ' * 

■ ,■. ^ ■ ■ ■• ■• ■ ■ • • 



■• . ;■. . ' ' ■ ■( ■ ' 

^ (c) If C cents is the cost of tJ^seed Jbo sow a 

square iflot s feet on a side, find an equation 
connecting -C and s, ^ 

(d) itow naich wiu it cost tor seed to sow^a square plot 

65 feet on a side? 
{e} If 115.00 is available for seed, can enough be bou^t to 



5. 




BOW a squlare plot 75 feet on a aide? 
A ball is dropped froa the top of a tower. Th^ distance, ^ 
d feet, wh^ch it has fallen yaries as the ^uare^ pf the ti«e 
t sec , that has passed since it was dropped. 

(a) From the information above, nthstt equation can y 
write connecting d and i ? 

(b) Can you find how far the ball falls in the first 
3 seconds? 

(c) If you are also told that the ball falls 144 feet 
. ^ ?^**®^^^^st 3 seconds; what eqi^t^n 

oonneoting d^ ^nd t ? " 
j (d) Using the equation you wrote i,n part {c),* can you 
find hollar the ball falls in the fir^t 5 seconds? 
In the last set of exercises, you found several equations 
e^reasUng the relationship between two variables. E^h of these 
equations was 0/ the fora y . icx2 , but the constant k ha* I 
different values in different eases. It sometimes h^>,^ 
the relationship between t^i variables is. expressed bylTeiAatioh- 
such as y « 2x^. ,or y . 5,^ /etc.. A general equation which 
includes ^1 of these cases is y . kk« , where k and n are 
each cons^ ai^ one case, but m^ change from one case to 

ano^r. ^ ^s section, k will be. a positive constant and n 
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Hill be a coimtlng iiuii^ex*« 'Sta exttroitt«B beldir Ul^trnte th6 
changes produced In tJh0 graph of the eqimtio? y » kac** ^ when 
, either k or n is kept the satte and tito otluir ia Changed. In 
' i&any sltuationa in Boi^nce 0% engineerings two variables aspe con- 
nected by an equation of a different type from y « kx , but thia 

ia only* type of e^^iation diaeuaaed* in. thia aection, 

• ... .. . .i . . 

■• . ■ , ' Eteroiaea 7 -3b ." 

1. For each of the equationa (a}« {b)« (c) below« aake a table^ 

of oorreaponding valuea of x %hi y* • Uae the valuej?^ 

-6, -4, -2, ^ 2x 4, 6 for . ; 

(a) y - |ac ■ ■ ^ . ■ A 

- . (b) ^ y X ■ , -v' ■-. ^-^ ^ . • ■ '.■ ^ - ' ^ < 

V (d) ^ COfl^lete the folloifing stateaent: In eaoh of the 
' ^ eqiiationa (a), ^b), tc) above y variee 

■ ■ ■ ; ■* HT ■ 



2. Make a lK>ri2ontal scale for valuea of x from -6 to €r 

■ ■ ■ • ■ ^ . . 

and « vertical acale for values of y i^*om 0 to 80. .Uae 
this one pair of reference lines to plot all three of the 
• r^lati^l^hips dn Proble^ 1. . • 

What happet^ to the graph of y « kx^ ^if the value of 
«i k iB doubled? 

\b) What happens *to the graph of y kx^ if the 'valUe of 

. *k is zailtiplied by 4? * >^ 

"(0) What general statements can you make about the change in 

' ■ ■ . ^ . ■ \ p ■ *■ : . ■ ■ . ■ ,\ 

Jjhe graph of y « kx caused' by changing the value of 

■ ■ • ■ k' ? . ■ 



- For each of thie. threi| graphs -you drew iri Frol?lea 2/ what 
happens to y X€ x 1^ doubled? (5ry sbi^ values/ ^* 

For, each of the f©ll<>wlng relationships, a^e a table of 
oorrespdnding vfiaues of x and? Use the values -3, 
-2, -1, 4.0, |, 1, a, 2 for X. ; \ 

(a) y - x^ ^ ♦ (c) y - x^ 

(b) y - x^ (d^ > « x^ 

ISake a horizontal scale for values of x frcaa -3 t^ 3 
• and a vertical scale J'or values of y fro» -30 to 50. 
Use this one pair of refer^cl llnes/to plot ^l four of the 

,i»elationships'in Probleza 4. ^ " * *' 

— *■ 1^ . - ' ■ <, " ^ ■ - • ■ ■ ■ ■ ■ • .' 

{a} What general stat^aents can you make about the^phange • 

"in, the graph of y « x caused by changing , the" Value 
•Of n ? 

(b) CoB^mr^ ;^he graphs of Problem ^ with those of Problem 2. 

What appears to produce a ^ater effect on the ^,aph 
. ^ of y - kx*^ , a change in , k • , or the same Jdliid^f v 

a' Change in n ? - 

Use the following notations e 'cm. is th^ le^igtfe^ of one ^ 
edge^of a cubei P cm. 'Is ti^e perimeter of one face, of the 

cube;. S sq. cm. ;is the total area of aXl; faces of t^ 

cu^ej V cu» cm; is the volume of the cube. * 

,{a)/ Find ail eqjteitlon connecting ? ,anQ ,ei /S and ej 



V and 




(b) Complete ,the following. %te:tements: 



(1)' P varies 



(^) S varies ^ ., ' • ■■ ' ; , 



How would you describe the way V varies witH e ^ f 
On one set of reference lin^s, plot the graphs of the 
the three equations you found ±n part -(a). Use the 
values 0, 1, 2,- 3, 4 for e. (Some of the earlier 
graphs will help you*) » • ■ \ 

Pr^om the graphs you drew. In part (c), find P X S , 
and, V. wheh e is s| cm. Ghieck by u^iiig the equations 
you found in part (a). • '« 'V 
Prom the graphs you drew ir? p^t. (c), can you guess 
which of P, S , and V will be\ biggest and which will 
be smallest when e is 10 cm.? Use the equations you 
found in part (a) to test your ^6ss. . 



' ' ' ^ 7--^ SmnmaiTy and Review " „ 

^ The three kinds of variation consiidered in this chapter are 
direct variation, inverse variation, and direct variation as the 



t 

^square . 



(b) 



XX) : Direct variation: y * kx ^ * • 

(a) If two variables, x and y*^j^ are related bjr^he v/^ 
equatiMi . y = kx ^ where k is a constant n-ot zfero,, . ' 
then y varies directly as x . , ^ 

The number k is*; galled the' constant of .prbportionaliity. 

• (c) When k is positive, as x increases', must > ' 

increase an^ as decreases, y ausi'; decrease . 

• (d) The' graph of y > 'kx Is al straight iln^ through the 

origin. ' • 

(e) The steepness of the line is detei^oined by'- . - . 
(2)- Inverse* variation: xy » k . 

(a) If two variables, and y , are related by the 

equation xy « k , where k; is a constant (not zero) 
.then • y, varies inversely as x . 
. (b) The dumber k is the constant of proportionality between 
y and the reciprocal of ' X as shown in the, fon^ , ' 

♦ y « IC ^ , * • 

(c) -^ When k is positive, as x Increases, y mist 

decrease and as x decre^s^, y wiist increase. 

(d) The*gp-aph of xy « k is npt a straight line, but a . 
^y . special curve with two branoheB. The graph does not go 

thrdugh the origin. ^ » 



2^2 • : • \ • . . ' g. 

(3) Direct variation as the squares y « kx. 



' (a) If two variables, x and y , are related by the 

equgttion y. » kx^ ' where k is a constant not zero, 

'2 

then f\ varies directly as x . 

< (b) The number k . is called the constant of proportionality 

• .. . » • •»! ' ♦ 

between y and x . t <' 

(c) When: k is positive, if x i4 multiplied by 2, y^ is 
* multiplied by 4 J and if x is multiplied by 3, y is 

niultipli^d by 9. r ^ . ' 

(d) . The graph of y = kx i^ not a straight line. vThe 

• . 

^ origin is a point on the graph. . 
The exercises below review the different types ,of variation 
discussed in this chapter. 

► Exercises 7-^ 

1. If y varies directly as xn, and 4f y- is l6 when x isi, 
2, fluid y when x is 5- x. * - - 

2. If y varies inversely as x ^ and. if y is^l6 when X is, 

* . ■ , ■' ^ ■1 

■2, ^^nd y when pc is 5. 

3. If y varies directly as the square^ of x , and*if y is l6 
whKi X is 2,. find y whenv^x is 5. ^ 

4. The areas enclosed by two similar polygons are prbportional 

to the squares of any two corresponding diagonals . The 

• ' ^ ^ <.'' ■ 

polygons below are similar and point C la 2 centimeters ' 

from point A ; point- G is 3 centimeters from point E . . 
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Ptnd the ratio of th^ areas enclosed by the polygons. 





^e distance > d lnch€^s^ a spring la stretched varies 
dlr^tly as the pull, P poimds,^ which t;^ applied to the 
•spring.' * , • , ■'. 

1 (a) if a pull of l6 lbs. stretches a certain spring 5 Inoh^s, 
^ what pull is required to stretch it l4 \ Inches? 
<b) For the spring in^art, (a), hqw far will it be * , 
sj^retched by a pull of 14 lbs.?* 
• fhe pressure., p lbs. per sq. ii^., exerted by a certaip 
aootui:!;^ of hydrogen ga3> varies inversely as the volume • .'.^ 
V ou.'in.. Of the container in which it is kept.^ If the 
pressure la ? lbs. per sq. in., when. the gsis is in a gallon 
Jug, what woul^ be the pressure if the gas was enclosed in a 
it Jar? : . • ■ / " 



r 



.f-pj 



As the altitude increased, the temperature decreases 5.4**? . 

for each. 1000, feet of altitude. Is/this an" exampXe^ of any 

of the three types of variation described in this chapter? 
'If your answe» is yes, tell which idnd and write the equation. 

Show tlmt, in X' + ^ a k* , y does not vary Inversely as x . 

The picture editor of a ^school yearbook often has to change 
' the measurements of a picture in order to j^lace it on a page. 

Suppose he had a photograph ^ Inches wide and ^ Inches high 



which he had to adjust to a sp^ce 6| Inches wide by Having it - 
reduced in sl2?e. What height should the siltei^d picture have? 
This is an exan?)le of what kind of variation?, . 

10. In y « k + X , y increases as x increases. Show that- 
this is not an example of direct vari^ation. 

11. If a phdIfOgraph 8|, inches wide by 11 inches long is to be 
ehlarged-^to 15 inches in length, what must the new width b^? 

12. If A is 24 in A « Iw , what ,kind of variation is* indicated 

, ■ ' f ■ ■ . ■ ■ * 

between 1 land - w ? . . 

13. What kind pf vlu»iaition- is represented |)y ?r c^? ^ 
What is the constant of proportionality? , 

14. In V o TT r\, ' suppose i? is aiultiplied by 5 while h is ; 

« unchanged. What happens to V ? What is the constant in 

\ ■ ' * ■ ' 

f this case? . . 

15. The cost iQ cents of n two-cent stamps is given b^^ the 
equation c = 2n . Find 5 number pairs (n, c) which satisfy • 



this equation. What would the graph of this relation look v 
like? - / 
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• * . , \ 8-1. ^tetrahedrons 

V.I,...-,' -f- • ■ . 

^icfv A eepme*rl*c figure of a certain type Is called tetrahedron. 

' ■ ' ' ' 

|;A tetrahedron has four vertices wiiich are points In s^ce. The ' 
f drawings below represent tetrahedrons, (Another' foiin ^f^,, the 
word "tietrahedi^ons" is "tetrahedra" 

D ' ' 





The -points A, B, C, and D are the vertices of the tetrahedron 
on the left. Th^ points P, Q, R, and S are the vgrtiqes of the oiie 
or) the ri^t. The four ^ertices^of/a tetrahedron are not Jn the 
same plane. The word "tetrahedron" refers either to; the surface 
^of the figure or to the ••^olid" figure, i. e. the figure Including 
thd Interim 'in space. In this* first section the distinction is 
not important. Later we shalllTse the term "solid tetrahedron?' 
when we mean- the surf^e together^ with the interior. We can; name . 
a--tetrahedron by naming its vertices. We ^hall nonna-i^y put 
parentheses around the* :^tters lika (aBCD) or (PQRS), Later we 
shall use this notation to mean ".solid teti^hedr<Jj;j" . ' . 

The s.e^ents AB, BC, AC, 55, BD, and CD ©.re callred the ed^s > 
of the -te.Jirahedron (abcd). We sometimes wi;^l use the notation (fB) 
to mean the'* edge^ AB, ' What are t>he edges of the tetraftBdron (PQRS)? 



Any IH^ree vertices Qf a, tetrahdqiTon are |the yertlces of^ a 

'• - - •* ' r * 

•trlahgle/and 'l|:^:ln a plane, ' A tri^ngle^, has.;? an iiite3?ior in' the . 

plane in whici^' ita vertices li# (and In whiip it -flies)* Let .us 
^*-u^e (ABC) to .ii^an the trj-angle ABC together ^ with 'its: interior, • In 

otiT^er words, (ABC) is the union .-of A. ABC ahd it^ interior. The 
■ sets (ABC), '(ABD),' (ACD), -and (BCD) are called tjhe faces of the : , 

tetrahedrpn "(ABGD) . ; What are the faces of |the fetrahedron (PQ^RS;) ? 
You jfiill be ^sked to jnake some mQdels| of tprahedjrons in the 

exercises^. The easiest type of tetrahedrdh of kiich to malce a 

model is the* so-called regular tetrahedrpri. It^'s edges are, ail the 

• . ■ .: . ■ ' ■ ■• ■ : .: ' ' f / ' - 

^ same length, -(We ir>ti*oduce length , or measurement here only for . 
convenience in making some uniform models ^ Tl^is- chapter, like: 
Chapter k ,of Volume dfeals fvindamentally with non-metric or 
• ••no-measurement" geometry.) Oh ^ piece of cardboard or stiff 
• paper construct ^n- equila'teral triangle- of si^e 6", You, can do ' 
' 'this with a ruler and coraifess or with a\,ruler and protractor. 





C^n you see how ' the dra'wirig on the left above suggests the ^ 

"••■*■'• ' ' ' ' ' , ' ' 

construct ioft with ruler and compasst Th0 arc through Q Imd R hfi^s 

center 'at P. -The other, arc thipougn h nas the same radius, and 

.center at Q/ The. segments PR, and ^ have- the .same lenj^hs. 



. Now mark tHe three points that are halfwaj;^ between the yarioua 

pairs of vertice^. Cut out the large triatngular region carefully. 

Carefully make th^e^ folds or creaises along the- segments joining 

^the "halfway" points. S.ee .the figure on -the srigfit above. ' Use a ' 

ruler of q^her stra^ightedge to help you 'make these folds. .Your 

0Jr^^^l,^triangular region now -looks '^like foiir smaller triangular 
■ ■ ■ ■ ' .' . ' • , , • 

re^ion^ii Brin^ -the Vaginal three, vertices together above the 

' center 'of the middle triangle, *^Pasten the loose edges, together 

with tape or paper and paste. You now have a model of a regular 

^tetrahedron, * " . 

* .- J ■ . , . . • ». . , - 

How do we make a model. of a tetrahedron which is not a regular 
^ one? We cafi do it something like thla. Cut any triangular region 
out. of cardboard or heavy paper. Use this as the base of your 
model. Label its vertices A, B, and C. Cut out another ti^iangle . 
with one of its edges the sam6 length as Afi. %w, with tape, (fasten 
these two triangles together along edges of equal length. Use > 
edge,;(AB>.for this, for instance. Twp of the; vertices of the second 
triangle are now considered labeled A and B.. Label the other vertex 
of the second triangle D.^ Cut out a third triangular region with 
one, edge the lengthy of ^ and anbther the length of AC. Do not • 
make^^Jhe angle between these edges too large or tio sraall^ Now 
with tape, fastein these .edges of^ :the third triangle to AD and so 
that the three triangles fit together in space. The model you have 
constructed so far ^111 lopk something like a conical drinking cup - 
If you hold the -vertex A at the bottom. Finally cut out a tri- ' 
angular, legion which will just fit the top^^' fasten it to. the top 
arid you will have youi» tetrahedron J . * ' 
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SxercjL^es 8-1 



r 



1. .Make 2 sepa'rate cardboard or heavy jpaper models of a regular 



tetrahedron. Make your models so that their, edges are eal^h 
3" long. Follow the instructions in the text. 
2, Make- two mpdels of tetrahedrons wliich are %ot regular. 
* 3'. \.In making the thir|3 face of a non-regular tetrahedron, what 

■ difficulties wdiiid vje encounter , if we made the angle pAC too 

j • ' ■ i 

lat*ge or too small? » , 

8-2^ ' Simplexes 

V/hat is the simplest object or set of points you can think of ? 
How' about a single point? « Most of you woul^ agree' that you couldn^t 
%ind anything much simpler than that, 'fhat would be the next |iost 
simple set of points in space? Some of you probe^l^y woui-d say "a ~ 
set of two points'' and that is a good suggestion. But any two ; 
different joints in space are on exactly one line. aIso any two 
different points in spabe are the endpoints of exactly one segment. ' 
Thus, the set of two points determines two other simple sets in 
space: a line and a segment,. _ The segment. is a part of the lirie 
which contains the pointB, A segment*~?ia«- length but does not have 
area.. We speak of* a*. segment as being one-dimensional, it^co^n be 



considered »as the simplest one- dimensional object in space. {A line 
also might be, but in this chapter we ws^nt to think about' the seg- ' 
me^t, not the line;) ' ^ « * 

t ^ ♦ 

What is the next most simple set of points irv sp^ce' The 

■ ; \ ,. • • * ^ 

answer we expe^jt i* proba,bIy clear now, and you say "a set of three 
points". What do three points in space determine?* If the three 
points are all oh the sape line, then we get Just a part of a line. 
We are not much better off than we were Viith just two points. Let * 
'US agree, therefore, that our three points are rit to be on the same 
line. Then there is exactly one plane, containing- the three points 
and there is exactly one triangle with »the three points as vertices. 

• - o 

There is also exactly one triangular region which together with the* 
triarigle which bpimds it, has the three points as vertices. This 
i&atheraatical object, the triangle^ together with Its Interior. . is 
what we want. to think about. It has ar^a and it is two-dimensional,- « 
It can be considered' as the simplest two-dim^sional object in space. 

A Q Z- 




It seems' rather clear that the next most simple set<bf p'oints 
in spa'ce would be a set of four points. If the four'points were, 
all in one place tVien the figure deterained by the four joints - 
tvould apparent I3? aljad" be in one plane. We^ want to require' that 
the four points are not all in any one plane; ^ This requirement - 
also guarantees us that no 'three can 1)/ on a line.. If. any three 
were on a Idrie then there would be a plane cpntaining that .line 
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and the fotirth point and the four poln,ts would be in the same plane. 

V»e have four. points in space, then, not all in the same plane. What, 

kind of object does this suggest? You are right If you thought of 

the ■ tetrahedron. The four points in space* arp the vertices of 

exactly one (solid) tetrahedron. A solid tetrahedron has volume ''^ 

and it is three-dimensional, . It 'Can be' Considered as the simplest ^ 

thr^e-dimensibnal object in space. 

■ • ' ■ ■■' ■ ■■' ■ , ■ • ■ 

Here we have four objects eacfl of which may be thought of as / 

^ the simplest of its kind. There are remarkable similarit^Lqs ampng 

♦ these objects. They a^l,l ought to 'have names that sound ali'ke and' - 

remind us of their basic properties.- We call each ^f these a . 

. simplex ,. 'How do we tell /t'hem apart?" We label each with its natural 

dimension. Thus ^ set/consisting 'of a single point is calied#a , 

0 - simplex . A segment is called a 1 - simplex . A triangle together 

with its interior is called' a simplex . A solid tetrahedron is 

called a 3 - simplex . ■ ' ^ 

Let us- make up^a table to help us keep these ideas in order. . 



A set consisting of: 

•one point , 

two points 

three p^oints 
not all* on 

, ■ any one liafte 

- four points 
not all on 
any-^one plane 



4. 



determines: ^ 
one point ( itself) 
a segment' 

a -triangle together 
with its interior - 



a solid tetrahedron 
(which includes -its 
interior) ' ' 



It is .called a: 

0- a implex 

1- simplex. 



2- simplex 



i 

3- simple^ 



There is another way to think about the dimension ,of thfese y 

sets. In* this vte think of the notion of, betwefenness, of a point 

" ■■ ■ ' • _ 

beihg between two other points. 
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Let- us* start " with two points^ Considef* these twc/ points' and 

fill points between them. V/e now have a -segment, l&avi take the seg^ 

ment together with all points' which are beti^een any two "points of 

. .. ' ^' ■ - ■ ^ 

the segment, ► W^^Ul have, the same . Segment ; Kb new points were - 

obtained by "taking points between" /again. The process of "taking ' 

points between", needed . to be used just once„ We get a one-dimensional 

• •■ . ■ 

set, a 1-simplex. ' ' • * 

• ■ . ' - ■ ■ .1 . 

Nextf consider three points r\ot all on the same line. Then let 
us apply our process. We take these points together with "all 'points 
which are between any two of tljem*^. Atp t^his stage we have a triangle - 
but not its interior,." V/e , apply the process again, V/e take' the set 
we^lr^ady^have ^he trlanglje) together' with all points which 'are 
between any twd^ points^ of this set. - We get the uhlon *6f the. triangle 
and its interior. If we apply the 'process again vie don't get any- 
thing new," We z^d use the. process 'just twice. We get" a two- 

• ; ^ . ' ' ' ■ ■ ' 

dimensional set, a 2- simplex. 

* f^'i'st A. , ^ second 

process ' \ process 

* 

- B * C ' B~ t. B _ ^ 

* . 

m ■ * . - ■ — * t> • 

_ ' Next let us 'corislder four points not all on the same plane. 
We apj^ly- the process of "taking points bd1;ween" and get the union.' 
of the edges of a tetrahedron? We apply-.the process' again and get 
^the iinion of the faces, ^q- appl^ it otice^orfe and get the solid 
tetrahedron itself. • We apply it again and still get *Just thi^lid 
tetrahedron. We need use\ the process Just . three times. We^-'get a 





•three-dlmenslanal* set, -a 3-simplex, .> ■ / 

; '-If vfe had J;ust one .point, i5tv^ application »of the proves | wou^M^ 
still . leave- US wl^h .just the one point .. t«Je need apply th^; process . s. 
zero, times • We" get a zero-dlnienslonai set, a 0- simplex (Wei aen- % 
ti«^n,this case last because we have to un(^erst^n{3 the procisss befo^re 

* .■* t «' " ■ . 

% . . . « ■ • 

#■ ».'■ .V .♦■ 

it can make much sense.) " ' ' . . ' 

.... Pinallyj^l^t US conslcJer a 3-slmplex, Look at icine ;of your. 
, ■ • . . . ' J' • ' 

model's .of tetpahedrcrns. It has SJour face-s and each fd"ee''is a 2« .\ 

simplex. How nice! It has six edges and each edge is a 1-simpiex,, 

Jt has four vertices and each vertex is a 0- simplex, ' - 

V. . , ■ 

t ■ • . 

Exercises 8^2 

1,' (a) A 2-slmplex hatr-hDw many* 1-simplexes as edges? 

'(b) It has flow many 0-simplexes as vertices? . . 

'- ' * ■ ^ ■ . ■ • 

2.. A 1-slmplex has how many 0-simplexes as vertice^s? " / 

.3. Using models shpw how two 3-slmplexes can have an intersection* 

which is exactly a Vertex of each. , 4 

k. Using models show how two 3-simplexes can have ^n intersection 

which is exactly an edge of each. 

5. In this and the next problem you are asked to do a bit of 

, /, dolx>ring, Mark three points not all on the same line in blue. * 

' . Color red all points which are between any two of these. Shade 

* green all po-lnts which ari between any two of;. the points already 

colored. Should there be any points which are not colored and 

are between two of the colored points? Starting with the t'hree 

../^points, how many times did you need to use th? process of 

"taking points between"' before ypu were finished? / 

[6, Use one of your i^j^^B of a non-regular tetrahedron. 



» » 
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•Color Its veinjic^a^blue.. Co.lor.rey the sgt of dll points each ♦ 
^vo^* whl^„j^lSi. beti^een' two of the vertices,^ Colofr green tJfe set. 
of- all, points each of which Is between two of the i»ed or blue . 
v^' colored points, . You -should now have your model colored. ' ¥Hat 
is . the set of all points which* either are, colored or are *be- 

• . tweexi tw9 Of your colored points? * 

. ■ » • ■ .• ■ . . 

' % 8^^. J^odels of Cubes. - ' 

?1ost of you already know that if you want to make an ordinary 
box you need six rectangular ' faces for It, They have to fit feind 

you have to put them ti)gether right. There is a rather easy way 

■ - ■• • ■ ■ ^ 
to laa'ke a model of a icube^ . • 



Draw six squares on ^heavy Tpaper or cardboard* as In .the - 

drawing above. Cut. around the boundary of your figure and fold 

(or crease) along the dotted lines. Use cellulose tape or paste 

to fasten It together. -If you are going to use paste It will be 

- _ . • , ■« 

necessary to have flaps as indicated in the drawing tfeiow. 
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You yilXl be aaked to make tvio models of a cube In the 



e:^rcisem .... 

Can the surface of ^ a cube be regarded Tsts the unloiv^of 



2-slmpiexes (that Is, of triangles together with theiir interiors)? 



Can a solid cube be 5pegarded aa the union of 3-sliaplexes tthat is 

♦ ' , ■ .■ ' ■ ■ ■ ., 

of solid ti^trahedrohs)? The. answer to both, of.^th^be qtifestlon? Is 

"yes". We shall expSalft "^e way of -^6?!k|iiklng about these questions, 

Each^ace of a cube can be considered to be ^e union o^^ two. 

>2-simplexes, ^e dmwing- on the 'left below show's a cube with 

three df its faces subdlVl^ed into two 2-simplexes each. The face 

ABCD appears as the union. of (ABC) an<^(ACD) for example. The 

other faces which are indicated as subdivided are CDEP and ADEH. 

We can think of each of the jipther faces as the union of two " 

2-simpJexes. Thus the surface of the cube can be thought of as 

the union o^ twelvd- 2-simplexes. 

H E • 





With the surface regarded as the union of 2-simplexes wb may 
regard the solid cube as the union of ^.3-siraplexes (solid tetra« 
hedrons) as follows^ ' Let P be any point in the ii^erior of ^he 
cube. For any 2-slmplex on the surface*, (ABC), for 'example, 
(PABC) is a 3-siinplex. In the figure on the right above, P is 
indicated as inside the cube.' The l-slmplexes ,( PA), . (.PB), and 



iC 



(,PC) wbuia also Itfe inside the cube. Thus with twelvtfe 2-simplexes 
on the surrace, vie would have twelve whose union would' 

W the cube. The ;solid cube is the>union of 3-8i^apfi.exes Jji this 

. ... • • V • . • ■ * , ■'■ , ■ ' 

nice way. • • . , 

Now- we ask another question. Do you supiK>se that a 3-aimplex 
can ^e regarded as the union ascertain number of solid cubes? 
Can we find* solid cules that will flt'tog(^her to fill up a 
3-simp-lex? The answer to these questions is no. Suppose cubes'^ 
coul(j be fitted together to fill up a. 3- simplex. Then any face 
Of the 3- simplex would be filled up by square regions which are 
faces of the cubes. T^e«qi%?e regions have right- aisgles at their 
vertices^ . Any face of k 3-simplex is triangular. At leasTt two of 



the angles of a triangle* must, be less than a right angle. There- 
fore the square regions cajintot fit,, A 3-simplex cannot be a, 
finite union of cubes-, 

- . •■ ■ . ■ M. ■ . : . ; 

..i . ■ Exercises 8-3 

, ' ' 1"^" 

1., 'I%ke. two models of cubes o;at of cardbO^d or heavy paper. 
^ Make them with each edge 2" long* 

2. Orv^one of your models, without adding any other vertices, draw 
segfifjents to express the surface of the cube as union of 
2-simplexes. Label all the vertices on the. model A, B, C, ;D, 
E, F, G, and H, Thl^j?f'a point P in the interior of the 
cube. Using this point and the vertices of the 2-aimpl0xes on 
the surface list the eight 'S-simpleWs whose union is th^ 
solid cube, 

3, On the same cube as in problem 2, mark a point in the center 
of each faice. (Each should be on one of the segments you drew 



In problem 2.) Draw segments to indicate *t^ie Surface -of the 
( cube as the \jnion of ^-aimplexes using a^ vertices the vertices 
. 0f the^ube 8^nd these six tiew* points you' ^^ave ni^rke<3, ^he 
'surface* is now expressed as the union of hovk^hy 2--simplexes? 

■ ■ ' 0 . * 

4, Think about a polyhedron formed by putting a ^s^jliare-based 
pyramid on each face of a cube; . 'The^^rfaoe. of this hew 
polyhedron has how many triangular fa<jes? Can you compare 
this new polyhedron vertex for vertex, edge for edge, .and , . 
2- 9 implex for 2- simplex with the surface of the cube sub- 

^ divided Into 2-slmplexes as In pjrob^em 3? ^ 

. . ■ / ■ * 

8-4, Polyhedrons 

4 

^ A polyhedron is the union of a finite number of .slraplexes. 
It is" Just one simplex, or maybe the union of seven simplexes, or 
maybe of 7,000,000 simglexes, -What we are saying Is that It is . 
the union of some certain ntjmber of simplexes. In the previous 

section, we observed ' that a solid cube^ for example, was the union ' 

■ ■ * ■■ - 

of twelve 3-simplexes, The figures' below represent the unions of 
simplexes, * , 







The figui^ei on the left represents a union of, a 1-Simplex and , 
a' 2- simplex which does not contain the 1-slmpiex, ^It is therefore 
of mixed dimension. In what follows, we shall not be concerned 
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with polyhedrons, (or. polyhedpa) of mixed dimension. . We assume a' 
polyhedron is the 'union of simplexes of the aame^ dimension, - We 

.shall speak of a '3-diinensional polyhedron as*Vne which l*/ the 

, •/ . ■ • ■ ■■ ' ■ ■ • .... ■ . 

union of 3-sim9lexes, A 2-»dlfnensional polyhedron i» one rvihlch is 

.tihe union of 2-slmplexes/ A; 1-dlmensional iK>lyhed5on is one which 

is the union of l-simplexes. (Any finite set .of points could be 

thought of as a p-dimenslonal polyhedron vjjut we won't be dealing 

• . . ■ . ■ , ■ /■ ■ ) ■ .. ■ 

with- such here.) . ♦ • - 

The fi^re on the right above represents a polyhedron which 

seems to be the vmion of two 2rsinjplexes (triangular regions) but « 

thej^. don't intersect nicely. We prefeij to think of a ^polyhedron 

as the union of ^impl^ai^s which intersect nicely as in the middle 

two figures. Just what do we mean by simplexes intersecting • 

nicely?* There IB an easy explanation for it. If two simplexes 

of the'saijie dimension intersect nicely, then the intersection must 

' ' ' " *" ' , * 

'be a^face, or ari edge, or a vertex of each.' 

Let us look more closely at the union of simpleXes which do 
not intersect nicely. In the figure 
on ti}e right the 2-.simplexes (DBF-) * ' 
and (HJK) have just-, the point H in 
coraiiion. They do. not intersect nicely. 
While H is a vertex, of (HJK), it is not 
of (DEP) , However, the polyhedron 
which is the union of these two 2-simplexes 
is also the union of three 2-simplexes ' 
^hioh do intersect nicely, namely, (DEH), (DHP), and (HJK). 



9 





6 ;Q 

On the right we hkve indicated » 
how the j^msm set. of pointy (the same 
polyhed3?on) can be considered to 
pe a finite union of 2-slmplexes 
which do intersect nicely. The 
V^lyhedron is the iiri^n of the ^ 
eight 2-simplexes, (*ACZ), (CZY), 
{PZW)/(m), (WXZ), (BWX), CXYR), 
and tYQR>4' / ' 



> ■ . . 

' The^f i^re on the left i»epresents 
the imion of the 2-simplexes (ABCT and 
(iPQR), They do^^ not intersect nicely. 
Their intellection seems to be a 
qiaadriaateijal together with its inte^or. 




These examples siiggesC a fact ^out polyhedroi^s . If a pol^- 
. hedi*on-^is the iinion of slmplexes which intersect fiyny way at all . 

■ ■ ' ■ ■ ■ N ■ ' ' ■ ■ • , 

then the dame set of points (the same polyhedron) is also the ^; 
union of slinp;iexes. which intersect nlc^y^ Except for the exer- ^ 
. cises at the end of this section, we shall always deal with, tmions' 
•of slmplexes which intersect nicely. We will regard a polyhedron' 

as having associated with it a particular set of slmplexes which/' 

■■/■•' 

intersect nicely and whose Union it is, V/hen we say the word ( " 
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"polyhedron", we understand the J*lmplexes* to be^ there. 

Is a solid tube a polyhedron^ tjhaf is, is it a union of 
3-slmplexes? We have already seen that it is. Is a solid prism 
a polyhedron? Is a solid squa]:»e-based "pyramid? ^^he answer tO ' 
all of these questions is yes. Ih fatit, any solid object ea<^h of 
whose faces is flat (that is, whose surface dOes not contain any 

1 ' * 



8-^ 
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cui*ved portion) is 3-dimensional polyhedron. It' can be expressed .' 
aa the union of 3-«iiiSplexea. . J - • 

As examples let us look at "a solid pyramid and a prism with a 
triangular' basev .^v • 







1- • ■ • 

In the figure on the left the ^solld pyramid is the union of 

the two 3-8implexes JabCE) an(| (AdDE) . » The figure, i^ the middle 
■ ' ' - " - ^ ." ' . . * . ' 

represents a solid prism with a triangular base. The pi^isra hap • 

■ ■ * . . -• 

three rectangular faces. Its bases are (PQB) and (XXZ). In Unit 
9 you will see a. way of expressing a solid, prism like th^s ak the 
union o'f. three 3-simpl^xes.' Here. we see hdwi it may be expre^ed 
as the \xnion of eight 3«simplexes,^ - 

* , We use the same device we used for the solid cube* First we 

^ # - ■ - . 

think about the surface as the union of 2-simplexe8. We cCLready 
have th§ bases as 2-siinplexes, Then we think- of each rectahgular 

.... ' ^ • ' • 

face as the union of two 2-.gimplexes, in the figure on the righ^ , 
above the face YZRQ- is indicated as the ^iffion ' of (YZQ) and (QBZ), 
for .instance. Now think about ^a point F in the interiorf of the ) 
prism, TlW 3-3iinpl§x (FQRZ) is one of eight 3-siniflexes each witn 
P as a vertex and whose union is the solidj prism. In Jjhe exercises 
you will be asked to name the other seven. ^ ' 

' ^ Finally, how do we express a solid prism with a noii-triangular 

J* . <. ■ • 

.•base as a 3-dimensional polyhedron (that is, as a union of 
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PbC . • • 

■ , . *^ . - • -. :■ . ^ ■ 

t» ■ .'• 

3-slmplexes with nice irftersections)? ^We use a litMe trick. We 
first expres.s the base a§ a union of 2-simplexes and therefore the . 

solid p^Ism.as a unipn of triangular solid prism§'.'~ And we. can th6n 

• • ' \ . • " . ■ ■• 

express.euch triangular solid prifem as fh^ unipn of eight 
3-simplexes, Vie can do this in*--such.a way that' all the simplexes 
intersect nicely, • ~ • " . ' ' ' . 

There is ^ar^oral to -our' story here. To do a' harder- looking 
problem, we first try to break it up iDto a lot of easy jjroblem^ 
each .of Which we ali^ady know^ how to do (or at least are abl^ to do) 

- * :^ercises 8-4 . ' ' 

1, Praw two 2- simplexes 'Whose intersection is one point and 

(a) is a vertex of each , - " • ' 

' (b) 1§ a vertex of one but not of the other. 

ft ■. ' . * . • . ' ' ^ 

Draw tV)a?ee 2- simplexes which intersect nicely and whose imion 
, is'itself a 2-slmpleX» (Hinti sta;rt with a 2-s implex as the • 
, union and subdivide it.) - ' ' , - 

. * ■ • - s ^ . 

1 ■ ■ ■ " ' > 

3^' You are asked to draw various 2-dlmensienal polyhed2?'ons each 

).'.■• ■ ■ • . ■ ■ ■ 

as the vnlon of six 2- simplexes. Draw one such that 

* I . . , ^ . • 

Ca) No* two of the 2- simplexes intersect. V 



(b) Xhe're is one point coiranon to all the 2-simplexes but 
• no other point is common to any .pair. 

(c) . The polyhedron is a square together wil;^ its interior. 




k\ * TKe. figure on thet right ■ rep3?es^ts 
a polyhedron ih'e uriioh of .'^ ^' 
2--slmpiexes without nice * -J' ^' 
Intersections. -I^raw a sl,rali:a2>- 

■ -'figure yovirsell' and ti^eii drgiw- . ' 

« ■ • ' « ■ . • ■ . , ■ 

In thre'e segment^ to igak0 the 
- polyhedron the ti*iion of - 
.> 2- slin|>lexea>»whl'ch intersect. 

nicely. . • , 
5.: The 2- {dimensional figure on the 

right .can be expressed as a union 

of simplexes^;itflth 'rilce inter- • 

,sectlong in many ways . Drav; a " 
■ ■ / . ■• "■ 

similar ftgyri yqurself. , '. 
'« . ' ' ' - ■ " . ■.* ■ . ■ ' ■ ' \ ■ ' 

(a) By 4raijfing; segments- e3cpre^s it .as the union of six 
. . ■ ■. '>':• '^'i^' • . ... - ■• ■ '-■ . 

,f 2-simple3Ces .without using moipe wertlces^ . 

. (b) By addin^ onfr' vert-ex near the middle (in another drawing 
of the f-igi;y^}, express the polyhedron as the union of 
eight-2-simplexes all having the poipt in the middle 
. 'as one' vert^^x. 

List eight 2-simplexes whose 
lihlon is the surface bf the 
triangular prism on the right. 
(The figure is like that used 
earlier. )« 

Regarding P as a point in the interior Of the' prism 

list eight 3-simplexes (each containing P) whose ^uJil 
is the solid prism. ■ ' 



6,. (a) 



(b) 




on 



'8-5. On^-Dlmerislonal Polyhedrons 
A 1-dlmenslonal polyhedron Is the union of a certain numbfer of 
Irsimplexes (se^ents) . A 1- dimensional jpolyhedron may "be con-, 
taln^d in a plane or it may not be. Look at a model of a . 
tetrahedrori; .The ufiion of the edges is a l-din?ensiortal polyhedron. 
It is the union of s^k l-siraplexes. It doe^f hot lie in a plane. 
-'We may thinlc of the figures below -as representing 1-dlmens 1 tonal . ' ' 
polyhedrons that do lie in a plane (the plane of. the page). / 

■ ■ J ' . ■ ■ 



B 





There are two typ^s of l-dimenslonal polyhedrons which are of 
special interest. A polsygOnal"^^ is a i- dimensional polyhedron 
in which the l-simplexes can be considered to be arranged in order 
as follows. The-te is a first one and there a last one. Eacli 



other 1-slmplex of the palygonal patt^ has one vertex in jjoimon 
with th6 1- simplex which precedes^ it and on% vertex in common with 
tbe^.l-simplex which follow^ it. There are r^o extra -intersections. 
The first and last vertices (points) of the polygonal path are 
called the endpoints, 

* Neither of the 1-dlmensional polyhedrons in the figures above 



is a polygonal path. But each contains many polygonal paths. The 
unlftn of (as), (BC), (€D), (DG) and (GH) is a polygonal -path from 
A to H* The union of (JD) and (PE) is a polygonal path from J to 
and consists of Just two l-simplexes. 
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In the drawing on the right : 
of a tetrahedron,' the un±bi\ of (PQ), 

Is a polygonal path 
T from P tb S (with endpoUits P an<3 S). 
JThe l»-sin^lex (PS) is itself a ^ 
polygonal path, from P to Con^ 
sider ,the ,1-dimensional polyhedron which 
is the union of the edges of the ite^ ra- i 
hedrd^. Find threi^^thor j)olygona^ „ 
paths from P to S in iX^J^e a model 
it he Is you see it.) 

■ - ■•, . 

O^he union of two polygonal paths that have exactly their 

endpointa in common is called a simple closed polygon (it is also 

a simple closed curve). Another way of describing a simpXe closed 

polygon is to say that it is a 1-dimensional polyhedron whichNis 

in one piece an<? has the property that every vertex- of it is in r 

exactly two l-'simplexes of it. 

The i-dimensional polyhedron on A 

the right is not a simple closed 

polygon. But it contains exactly 

one simple closed polygon, namely 

the union of (aB), (BC), (Cd), ' 

and (DA), Note . that "(DA ) is (ad). 



J 




\ 
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* » « » 

The union of the edges 'of the cube In ' ' 
■. .'^ '-^y • ' . . 
the- drawing on the left is a l-dlmensional 

polyhedron. It contains many simple ' 

closed polygons.' .One Is the u|iion of 

(AB), .(BE)/ (EG), and- (GA). Another is 

the union of (AB); (BC), (CD), (DE), (EG), 



r 



you give at least two more simple closed polygons 
ntainlng (BE) and (GA)? (Use a. model if it Helps you see J-t^l 



jf'here is one vev^ easy relationship on any simplfe closed 

7 - . , 

polygon. The number of l-simplexes (edges) is equal to the nun^ber ' 

. , < ■ . ■ • ' .' ■ ' ■ 

of vertices. Consider the /igure 

on the right .. ' Suppose ''we stai^ at - 

some vertex. Then we take an edge 

containing this vertex. Kext we- 

'■•■■« 

take the other vertex contained in 




this edge and thenthe other edge 

containing this second^ vertex:. We 

may tltinfk of niambering the vertices 

and edges as in the figure. , We 

■ continue thp process. .We finish with the othei* edge ^which contains 

■. ■ ■* '■ . *• 

our original vertex. We start with a vertex and finish' with an 

edge after JfcaVlng alternated vertices and edges as we go along. 

Thus the number of vertices is- the same -asT the number of. edges. « 



Exer.cla^es 
The figure* op the right represents' 
a* 1-dimensipnal polyhedron. How • 
many polygonal paths 'dpes it con-- 
-tain witi^ endpoints A and .B? . How 
many simple, closed' polygons does 
it contain? 

(a) ^The union of the edges of a 

3-simplex (solid tetrahedron) 

• contains hbj^. irianjlfe; simple ^ 
closed* polygons? 

(b) . Name them all. 

(c) Name one that is not contained 

* • in a , plane » ^ 

(Use a model if you wish.) 

/ - . ■ 
'Let P an^ Q be vertices of a cube 

Vs- 

which, are diametrically opposite 
each other (lower front left and 
upper back right), ^Name three 
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polygonal paths from T- to Q each ^ 
of which contains^ all the vertices** 

IN ' ^ 

of the cube and is in the union of 

the' edges. (Use a model if you wish. ) * 

Draw a 1- dimensional polyhedron which is the \inion of seven 
1-simplexes and contains no polygonal path consisting -of- more 
than two bf these simplexes.. 

Draw a simple closed' polygon on the surface of one of your 
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models of^ a cube which Intersecfes every face? glncl which does 
. not contain any Of the vertices of the cube. — 

. • • • . . • ■ ^ ' - - • . • ■ 

/8-6, Two^Dimenslonal Polyhedrons 

« . ^ < * • ■ ' * * ■ 

- A 2-diinensionaX polyhedron 1# ,a union of a-simplexea. As in ^ 
section 8-4, we will agree that the 2-simpiexes ai^ to intersect 
nicely* That is, £f two aySlmplexes intersect, then the Inter- 
section is either an edge of both, or a vertex of^oth« There are 
man^ 2-dimensional polyhedrons. Some are in one plane but many 
are not. in ar^ one plane,. The surface of a tetrahedron, for 

-^instance, is not in any one plane, Let uls'^first consid6i» a ffew 
2-dlinensional polyhedrons in a- plane. In drawing - 2- simplexes in 

\a plane we shall shad^ their interiors. 

^very 2-difflensional polyhedron 
in a plane has a boundary in that - 
plane. The boundary is itself a 

. l-dimenslonal polyhedron, the'* 

boundary may be » simple closed polygon as in the figur^ on the 
right. 'In the figure on the lieft below we have indicated a poly- 
Jiedrori as the union of eight 2-simplexes. (ABC) is one of them. 

The boundary is the union 
of tv*o simple ^Ip^d polygons, 
the inner sqmre and the 
oliter square, Jhe two polygons 
do not intersect. 

. ■ ■ ^ r 
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The fdgure on the right represents 
a 2-dlmensional ^^^edron -which is the 

union of six 2-simplexes« The boundary 

.... ^ ■ ' ' ■ ■ . 

of this polyhedron in the plane is the 
\inion of two simple closed polygons • 
which, have exactly one vertea;^ Of each 
in common, the poitit P, • 
V Suppose a 2-dimensi<mal polyhedron in the plane has a bo\;uidary 
which is a simple closed polygon (and nothing else). tThen the 
number of 1-simplexes (edges) of the boundary is ^ equal to th|^. . 
nunibeT of 0-simplexes (vertices) of the -boundary. You have already 
seen, in' the previous section, why this must be true. 

There arejnany 2-dimensional polyhedrons which are not in any 
one plane,. The surface of a tetrahedron is such a polyhedron./ r- 
The surface, of a cube is 'another {1% may be considered to be ex- 
presfied as. a union of 2-simplexes) . Here we have some 2-dimensioji 
polyhedrons which are themselves surfaces or boundaries of 
3-dlmensional polyhedrons. Let us conside^r these two surfaces/ the 

* ' ' - 

surface of a tetrahedron and* the surface of a cube. 



i 





'You tnay look at the drawings above or you ipay ^ook at some 
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mode*ls (or both). Let us. count the number of vertices, the number 
of edgea and the number of faces. But the surface of % cube can 
be. considered in at lea&t twd di^rent ways. We can think of tlje 
faces as being square regions (as in the middle figure) or we may 
think of each square face as subdivided into two 2-simplexes 'j[as 
in the figure on the right). ¥e wiil ,use P' f or the number of 
faces, E for the number of edges and V for the number of vertices. 
If you are counting ft^ra models and dp not observe pattern^ to help 
you count, it is usually easier to check things off as you go 
along. That is, mark the objects as you courfifc them. > . 
Let us make up a table of our results. 

^ ; P . E V 

Surface of ^ ? 6 ' ? 

tetmhedron • ' 

Surface of cube ? ? 8 

(square faces) 

. ' ■ ' 'i ■ . 

Surface of cube 12 ' ^ ? ?/ 

(two 2-simplexes ' ' . 
on each squai*e face) 

'/ ■ • , . • 

It is not easy from ^ust these three examples to observe any 

nice relationship ^mong these numbers. ' V/hat we are looking for is 

a relatlon&i^*p which will be true not only for these 2-dimenslonal 

polyhedrons but also for others like the^e. Try and see If-Jfou 

can guess the -relationship we will be telling you about in 

section 8-8, • . , 

Exercises 8-6 

1. Make up a table as in the text showing P, V, and E for the 
2-dimensional polyhedrons mentioned there; 

2. Draw a 2-dimensional poXyhedi^n "in the plane with the 



poly}ied|»on the union of ten 2-siraplexeB such that v,* 

(a) its bo\mdary is a simple closed polygon, . • 

(b) its bo\«idary is the union of three simple closed 
polygons having exac^bl^ one^t>oint in common, 

(c) its boimdary is the union of twa simple closed 

* polygons which do not intersect. ' ^ 



Draw, a 2-dimensional polyhedron In the plane with. the number 



of edges in the boundary ; • > 



(a) equal to the number of vertices, ' - 

(b) one more than thy^ number of vertices, 

(c) two more -than the number of vertices, - * 

Draw a 2-diraensional 'polyhedron which is trie union of three : 
2-simplexes with each pair having exactly an edge in common. 
Do you think that there exist in the plane a polyhedron which 
is the union of four 2-simplexes such that each pair have* 
exactly an edge in common? 

♦ ■ , ' * • 

» M ' * 

On one of your models of a cube, mark six points one at the 
center of each .face. Consider each face to be subdltvided* into 

<f 

four 2-slmplex^s each having the center point as a vertex. 

- • , - ' . ■■ , J / ' ■ 

Count F (the number of 2-simplexes), E (the nianber of l-simplexes),- 

and V (the number of 0-slmpklgx©s) for this subdivision of the 

, , . 

whole surface. Keep your answers for later use. 

■ .L/* 
Do the problem- above without using a model and without doing 

" - « 

any actual coxmting. Just figure 'out how many t5f each there 
must be. For instance,' there must be 14 vertices, 6 original • 
ones and 6* added ones. ' ' / ' ^ ' 
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♦7. Express the polyhedron on the right 
as a nmlon of 2-sin\plexes which . 
intersect nicely (in edges or 
vertices of each ptjier). 



■ . ,8-7. Threei-Dimensional Polyhedrons 

A 3-slmpiex i^^ one 3-dimensional polyhedron, A solid cube 

is another 3-dimen8ional po^J-yhedroh, Any union of a certain iiumber 

^ * ' . ' ' ' ''' ' ■ ■ - ^ \ ■ 

of a-slmplexes is a 3-dimensional polyhedron* VTe will assume again 

that the s^lmplextes of a polyhedron intersect nicely. That is, "th&t 

if two 3-8implexes intersect, the Intersection is a 2- dimensional// 

' • '• . , ■ ' ' ■ ' . . ■ 

' face (2-simplex) of each or an e^ge ( 1- simplex )V of 'es^^h or a 

vertex (0-3 implex)' of each. ^ 

Any 3^dlmensional polyhedron has a surface (or boimdary) in 

space. This surface is Itself a 2-dimehsionai polyhedron. It is * 

the vmion'of Several 2-simplexes {wliich intersect nicely). The 

« . . . ' / 

surface of the 3-diinenslonal poly- 
hedron' represented by the di^wing 

the right is something of a mess. 
It consists- of the surfaces of three 

tetrahedrbns which have exactly one 

■ ■ . . ■ ■ . . f, • ■ 

■ . ■ » ■ 

point in common. 

The simplest kinds of surfaces of S-dimensional polyhedrons 
''arie called simple surfaces . The surface of a cube and the surface ^ 
. of a 3-simplex are both simple surfaces* There are many others. 

Any surface of a 3«>dimenslonal i^lyhedroni obtained as follows will 
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be df simple surface. Start with a solid tetrahedron. Then fasten 
another to^it so that the Intersection of the one you are adding 
with what you already have is a face of the one you are atfding. 
You may }$eep adding more solid tetrahedrons in any combination or 
of any size, provided that each one you add in turn intersects what 
you already have in a set which is exactly a union of one, two, or 
three faces of the 3- simplex -you are adding. The surface of any ■ 
polyhedron formed in this way will be a simple surface. 

Class activity . Take five of the models^oF^tTie regular 
tetrahedrpns of edges 3" that the members of the class have made* 
Put mark§ on all four faces of one of these, ^ Now fasten each or 



the others in turn to one of tiie marked faces. The marked one . 
shoul* be in the middle and you won't see it any more. The surface 
of the object you have reprejsents a simple surface. You can see 

. ' hjow to fasten^a few more tetrahedrons on to ^et. more And more 

pBculiar looking objects. .Suppose it is true that whenever you 
add a solid tetrahedron the intersection of what* you- add with 
whfitt you already have is one face, two faces or three faces of the' 
, pnd you add. The surface of what you get will be a simple 'surf ace. 

One can also fasten solid cubes together to get various 
3-dimensional polyhedrons'. - In fastening solid ctjbes irt turn onto 

^ what you already have, you will always wind up with a 3-dimensional 

> 

polyhedron which has a simple surface/ provided the following 
<^ondition is met. The intersection of each one yoyk -add in tu^ 
with whaft'^you ailreac^ have must be a set which ig bounded on' the 
surface "c>f th^ cube you are addijng m a simple closed polygon, ^ 

For example, the ihteiTseotion jnight b.e a face or.the^yniOQ of two 

' • . . ' ' , . . . . 

• • I ■ 
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adjacent faces of the one you add. 

Finally we mention an interesting property of simple surfaces . 
Draw any simple c'losed polygon on a simple surface,* Then this ' 
• polyigon separates the simple surface irfto exactly two connected 
* pieces, 

J . "■• • ■ L 

Class activity . On the surface of orre of the peculiar 
3-dimensional polyhedrons (with simple surface) that you have con- 
structed above, have a student dmw any simple closed polygon. 
The wilder the better. It need not be In Just one face. Then.-, 
have another student start coloring somewhere ^ on the surface but 
away from the polygon^ Have hira color as much as he can without 
>ci*osaink the polygon . Then have another student start coloring, 
with another color at any previously uncolored place. Color as 
much as possible but do not cross the pplygon ; ^ When the second 
student has colored as much as poj^sible, 'ti:\e whole surface should 
be colored. • 

If you don't follow the instructions carefully you may g^t 
a polyhedron whose surface is hot simple. Suppose, for instance, 
you fasteh eight \|ubes together a» in the drawing below. The 
polyhedron looks something like a square doughnut. Note that in 

- fitting the eighth one, the Intersection of the orj/^ou are adding 

with what you already have is the union of two faces which are 
., not adjacent. The boundary (on the eighth cube) of the inters- 
septlon is two simple closed polygons, not just one as it should 
be. There are many simple closed polygons on this surface which 

. . do not separate it at all. Some of these should .be^ noted in 
class. 
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Using a block of wood (with comers sawed off If possible"), 
draw a simple closed polygon on the surface mklng It Intersect, 
most oi ^11 of Ijhe faces of the solid. Start coloring at some 

' ' ' * * . 

point. 00 not cross the polygon . Color as much as you can 
without crossing the polygon. When you have colored as muoh 
as* you c€ui, start coloring with a different color on some \m- 
colored portion. Again color as muoh as you can without cross-. 
Ing the polygon, Ybu should have the whole surface colored-; 
when you finish. , ' , . 

2. Qp through the same procedure as in problem 1 but with another 

^ 3i-dlmensional solid. Use one of your models or another block 
■ ■ ■ * ■ 

of ttfopd. Make your simple closed polygon as complicated as 

you wish, ^ ^ 

8-8.- Counting Vertices, (Edges, and Paces— .* 
- , The Euler Formula ; ] ^ 

In section 8-6 you ,wer^ asked to do some counting. We look* 

at the problem in another way; A few of you may have discovered a 

" , ' *■ . I. . . 

relationships between P., E, a?rd V, Consider the tetrahedron in the ' 



o 
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figure below. Its surface is a siiapie surface. What reiatlonship 

ca» we find among the vertices', pdges, and faces of it? 

.A ■ 

• • ■ 8- ' 





There are the same number of edges and faces coming into the 
point A, three of each. One may see that on the base there are 
the same numbei* of vertices and edges. We have two objects left 
over? the vertex A at the top and the face (BCD) at the bottom. 
Otherwise we have matched all the edges with vertices and faces. 

3o F -I- V - E « 2. Now let us ask what would be the relationship 

■- • ■ ,> 

if one of the faces or the base were brol^n up into several 
a-^sisuplex^s. Suppose we had the base broken ixp into three 
2->8iBiplexes by adding one vertex P in the middle of the base. The 
figure on the right above is the base with P in the middle. Our 
counting would be the same until we got to the base and we would 
be able to, match the three new I'^simplexes which contain P with ' 
the three new 2-simplexes on the base. We li^ve lo»t the face which 
is the base but we have picked up one new vgtfCeit^P. Thus the num-' 
ber of vertices plus the nmber of 2-simplexe8 is again two" more 
than the number of 1-simplexes. F + V - E 

us look at a 'cube. 1f^e l^ve a 



Next 



lit 



drawing of one on the right . The cube ha's 
how laai^ fa&es? Row many edges? How many 
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veMices? Is the sum of the number of vertices and the number of 
faces two moi^ than the number of edges? Let us see why this must be, 

(1) Ttoe number of vertices on the. top face la the number of 

■'.■ ■< ■■ * ' ' ' ' ■ ■ 

edges on the- top face. 

(2) The^niunber of vertices on the bottom face Is* the number 
of edges on the bottom face. 

(3) The number of vertical faces is the number of vertical 

edges, . * 

••>;■• ' ^ ■ . '■ ■ ■ . 

(4) All the vertices and edges are now used up. All tlie 

vertical faces are now used up. We, have the top and 



bottom faces left. 
So P + V - S must be 2. 



4'/hat would happen If each face were broken up into two 2-slmplexee? 
For each face of the cube you would now have two 2-simplexes. But 
for each face you would have one new 1-siraplex lying in it. JOther 
things are not changed. Hence P + V - E is again .2. " 

Suppose we have any simple, surface. Then do you suppose that 
V + P - E w 2? In the exercises you will be afked to verify this 
formula (which la known as, the Euler Formula) in several other 
examples , 

Let us now observe that the formula does not hold in general 



for surfaces which are not siBple* Consider the two examples 



below. 



\ 
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In the figure on the left (the union of the two tetrahedrons 
havli^ exactly the- vertex A in common) - V + P - S « 2. Count and " 
se^. Use^^j^els of two tetrahedrons if you wish. V + P - E should 
•be 3# On ejich' tetrahedron separately the number of faces plus the 
. niAilber of vertices minus the number of edges is ^. But. the v^i*tex A 
would have been counted twice* So Y + P is one less than S + 4> ^ 

The figure on the right above is supposed t% represent the 
union of eight solid cubes as in the last ' section. The possible 
ninth one in- the"ce,nter is missing. Count all the ^aces (of cubes),, 
edges- and^ vertices which are in the surface, ^or this figure . • 
V +*F - E should be 0, (As a starter, V ^fiould be 32.) 

.•V 

Finally we put the Euler Formula in a more general se'tting. 
Suppose we have a simple surface and it is syfe-dlvided into, a numbe^i^ 
' (at least three) of non-overiappirjg pieces. Each <^ these pieces 
is to be bounde<3 on the surface by a simple .clbsed * polygon. We , 

think of F as the number of thi^^ pieces ^ We require that if two ^ 

•• " ■ ■ . , , ,■ ■ " • 

of these pieces intersect then the intersection be either one point > 

•« ■ - ■ . , ' - 

or a , polygonal path. The number E is the numbe;r of ^^^s int.er- .\ 
sections of pairs of pieces which .are jiot Just points. The number 
V -is the number of points each of which is contained in at least ' 
three of these pieces, Then/P + V - £ = 2. 



■ ' Exercises B^Q 
1. . Take a cardboard model of a non- regular tetrahedron. In each 
face add a vertex near th^ middle. Consider the face as th6! 
union of three 2-siii^2lexes so formed. Give the count of the 
faces, e^ges, and vertices of 2- simplexes surface. How do %he 
facest edges, and vertices of thi^ polyhedron cosq^to with 
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^those of the- ployhed2?<:>i;i you get by factoring four regular 
tetrahedrons to' the four faces of a fifth? ^ 



2. Take a model of a cube. Subdivide it ds follows. Add dr^e 
verteic in the middle of each e'dge. ^Ad'd one-. vertex in the 
. middle of each face, .Join the ne^ -vertex in the middle of, 



* each face with ^e eight other vertlcep^ now on that face. 

You should have eight 2-simplexe8 on each face. Confute F, V, 
and E. Do- you get' P + V - E « S? . ^' . 

3. Make an irregular subdivision of any simple surface into a 
number of flat pieces. s Each piece should have a simple 
closed polygon as its boundary'. Count F, V^_and E for this • 
. subdl^vls ion of the surface. 




> 



■7 



N 



9-i 



279 



V 0 L 0 M E S A N D S U a F A ARE A S 



9-1 Areas of Plane Figures * 
we will be p^ixoarily o|pi&oerne^ with surface areas 



and voltuBes of various figures. As a preliaiaaa^y we wlii< first 
disouss briefly areas of tHe ' ixy^eriors of certain simple olosea 
curves. *For soiae of you this will be- a review, while for. others 
it xaay be a first intz'oduotion tfi work with areas. . ~" 

First let us look at the faroiliar figure of the x^ctangle and 
consider what we aiean by the area of its interior. We choose for 

t • • * • , < 

H • . , , * ' , - - 

the unit of area^ the region of a |»lane bounded by a sguare whose 
edges laeaaure 1 unit. 




(Unit 



The area of th© interior of this square is 1 square unit 
jaay now determine the area of th^ interior of a rectangle the 
xaeasurements of whose length and width are 4 and 3 units., 
respectively » 



We 




We can detenalAe how many of our imlt squares we need to fit 
the IntetlQT of the rectangle. In this case we 'see that we have 
"^3 rows with 4 imlts to a row or 12 such .units. We say then that • 
"the area of the interior of the rectangle Is 12 of these suqare 
malts. \ • . 

Notice that we could have njultiplied the. nuaher of rows by . 
"^"fflber of squares in each row or the nuatber of linear wilts in 
the length by the number of linear units in the width tp detez^alne 
the number of square units of Area^ ^ 

Thds A Y ^w (where A,, I and w are numbers) 
. In thie case where -the measurements of the length and width 
are o and 2^ linear units respectively 



r 



6 Units 

-A 



1 


■I- 

1 


{ 


1 
1 

1 


1 


1 I 






1 


U 
1 




1 


I 


1 


•1 


1 
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1 


' { 


1 


1 


I 1 





we see that we could fit 8 full square '{Slits on the Interior 
th^. rectangle along the length « If we divide our square units in 
half so' as to form two rectangles e§ch.l unit in length and ^ unit 
in width we would need 8 of these rectangles to comfiletely fill 
l^e interior of the given rectangle. Here t<H>, 'the area is the 
iSufflber of square units that fill the interior. We see that there 
are 8 square aihits and 8 tao2^ halves of square units « a total of 
12 square iznits of area, 

ife conclude that the area of the ; interior of the 'rectangle is 
12 • square units . ' 

Once again we notice, that tp^e product of the ^umbers of linear 



units in the length width is 12. s 

We assume thsit we can always find the sarea of the interior of 
a rectangle by fitting square units or fractions' of square imits . 
on the interior of a rectangle.; . . * 

Property X , The nusiber .A of square units of area in the interior 
of a i*ectangle ia the pa^oduct ^of the nuaihers of linear units* i and 
w in the length and width respectively. . Thus A « . ' 

Since a square is a special kind of rectangle namely one whose 
adjacent sides are equal we have^ Property 2. y 
Property 2 . The nuaiber of sqxiare units (A) in the area of the 
interior of a square whose edge i« s imits 'in l^eugth is th^^product 
of the nurafaers of linear units in its length {s^ and its width (s). 
Thus A — s • s » s . 

As you probably icnow both the reotangle and square are ' - 
special kinds of parallelograiBS. - 



The rectangle* is % parallelogram .whose adjacent sides ax*e 
perp€indicular. The square is a rectangle whose adjacent sides are 

• « 

equal.. » • . . 




(b) 




B,A E 



Figure I. 



In order to find the area of a parallelogram we can show that 
it can be changed to a rectangle as follows s ' > X 

• . .Consider parallelogram. Etrop a perpendicular from 
. vertex D to base US, Label the foot of the perpendicular E, This 
peri^ndicular is an altitude to the beSe ICS. yslng a p^ ofS 
scissors cut off right triangle ADE and' place 'it as shown in 
"figure ^b;>' It is clear that the rectangle formed has the same 
base and height as the original paralieibgram. . • 

Notice .that for a rectangle the length of the base and the 
hei^t are the saxae as the length and width. Since by Property 1 
the number of sq\iare units A in tjhe interior of the rectangle is 
/w« t]fie nismber of squi^ tinits in the ^ea of the ^Im^allelogram is 
bh where b and h are the numbers of \inits in which base b and 
altitude h respectively. 

Property a . fHe number A of square^nits of area in the interior 
^ ^ of a parallelogram is the product of the numbers of linear units 
b and h in the base and height. l£hus A » . 

Exercise p*la 

. 1. Find the areas of the ii)ptez*iors of eagh of the following: 
.. {a> Rectangle ABCD, where IB is 4 inches long and is 
12 inches long* 

(b) Rectangle ABCD, where 155 is l/3 foot i<»ig and is 
1 fosot long. ' - 

(c) Square ^BCD whex^ TSS is l&yinches long. C . 

(d) Sqiiare ABCD, where- 7SS is 1 feet long. 
(e};y Parallelogram AH?D whose base IS is 6 4^^a long and - 

whose height is 12 inches. i \ 




o 
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(£) FaraHfilogram ABCD who9e base Is 4 foot Ioz)g end 
vhioae height is X foot. 



233 
f 



2.; Deter&ine the aseeA .of the interior of each of the foXlowii^g 



figures. 




3« Find the area of the shaded portion. 




v. 




■ ■* .- • . ■ .■ a 

ffix^ area of . the 4jiterlor of a triangle ca« be cteteraiLned in a 

laaaner similar to that of' a jkrallelogram. 




<r<. 




> figurea / y ' } " 

Draw a iine on the vertex of£.*C pf AABC (see figured {2a) 

and {2b) above) parailei to the base IS. IJraw a iine On the vertex 

of parallel to .side 13^^ Label the of intersection of the 

^ lines d; We now have a pa2?allelograa ABDSw The diagonal of ° 

the paralielQgraffl divides it into two congruent triangles ABC and ' • 

^ BCD' which therefore jiave the saa^ areas. Since by Property 3 the 
nianber of square unita in the area of the interior of a parallelo- 
gram is bh {TO and are/'the base and altitude respectively), 

. , b- and h are the nunibers of linear units in them and since the " 
parall^ograa is coa^posed of the^wo congruent triangles ABC- and 
BCD with base and height equal to those of the parallelogram, it 
follows that the area of the interior of the triangie^ABC is ^ * 
thaf of parallelogram ABDO. Thus.^ . f. 

. . ; Smm^Ji^: 2he tmsiiQv {A) of square units of area in the interior 
of a triajigie is | the product of the numbers of linear units of 
measure in the base and height. A « ^ bh ^ ' . ' 

An equilateral triangle is a triangle all of whose sides are 
of equal measure. The number of s^quare units in the area of the 
interior of this triangle is |bh ^ Property 4). Since we will have ' \ 
oocasion^ wori with equilaterial triang;ies we will apply 
Property 4 to determine the area, of the interior of this special . 

' ■■ • ' ' . ^ ' 0 

■ ■ . . ■ ■■.!■■■■ ■ , .. , : 
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In the f IgnFe triangle ABC is an equilateral triangle wiiose 
aides are s units in length. Qpop a perpenOieuiar f^?oa the 
vertex C to sid^ (base) H and label the foot of the perpendicu- 
lar D. W Is the altitude and h is units in length. It can be 
Bhown that "tS bisects the base IS (divides W into two equal 
segments iQl* 'length Hence by the ^thagox^an proj^erty we haves 



2, 
s • 



now 

and 
also 

• 

. 9 m 



h - 

ft 

h ' m 



h*^ *8 

S2 - i^f: 

2 -12 
S 'j|'0 



or 

O]^ 



s 



• ■ • , I, . ' 

The last step in the siosy^lificatics^i is |»robably unfamiliar 

to you. Such work with square roots will be discussed in the 

9tfh grade, but we will assume the result here.M^e coftild check 

that "^l© is thSj^ square rost of in the following way.- 



(4.b)(4.b) 



■» ' ^^^^ ^ associative and 

ooa!imt%tivft laws of ffiultipiipation. \ 
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(4 : 4) 



Now • "^3 is 3 because of the way 4n which we delkned. 

. • ■ , ■ . •. , .. • * • .. 

square root. / 

Kences • « ^ •. s , sinbe . . &j « . 

Now siiKe the muaher (a) of squaz^ uxiits of area in the 
Interior of a triangle is |bh we have A ^-^Its) . 
l^perty ^ . The im^er (a) of sqiiare imits of area in the 
interior of an equnaterai triangle is A » . 

. You may recall that ^3 is approximately 1.732 so th^ 

-jr « 0.433. The approximate value of A is therefore as follows: 

.• . * « ■ . - ■ , _ • . 

> ^ A « (0.433)s^ y \ ' ^ . 

A regular polygon is defined to he a polygon whose sides are 

equal in measure and whose angles are equal in neasure. The area 
lar polygcm can be found as follows: 



<<>' c/ ' Q '\ ib) 

•ia 

i 
I 

Jh 

^ B 

Join the center of the regular" polygon to each vertex of the' 
polygon, (The center is the point on the interior which is equally 
distant from the vertioles of the polygon) Thus if there- are n 
verticles there will be n congruent triangles. : 

The figure is|an illustration Oi.' the case where n « 6 • The 
area of the interior of the regular polygon is the sum of the 
aireas of the interiors of the n equal triangles into which the 






ERIC 



regular pcylygon has been divltled. All th^ triangles have equal 
bases (sides of the regular polygon) and all the triangles have 
equal altitudes (the center- of the polygon is equally distant from 
e^oh side and this distance Is the length of the altitude ^ 
abbreviated a) . * " ' • 

The area of the interior of the regular polygon of n* sides 
is the sum of the areas of the interiors of the n ooi^sruent 
triangles with ^se a the measure of length of the side of the ' 
i^gular polygon, and height a. 
Thus . y • . 

A « n • (^s) m ^ (ns) 

■ » . 

But ns is the perij^ter of the regular polygon (the sum of y 

. • ■ . " • • • ■ 

the n sides). . 

Property. 6. The number (A) of sq\iare units of area in the Interior 
of a regular polygcm is ^ the prodUQjk of the miabers of linear / ^ 
units in its j)erimeter and the distance from the center to each 
side A « ^ ap . - 

* Sxeroises 9-lb ' 

1. Ck>fflpute/the areas of the interiors of each of the.folidwing: 

(a) Trian^e ABC whose base is 3 inches long ahd whose 

(b) Triaiigle ABC whose base is 13 feet long* suid whose 
altitude is 30^ feet long. 

(o) Equilateral triangle ABC whose side is l6 feet long, 

(d) Et^^ateral triangle ABC whose side is 6 yards long. 

. <6) Eegular hexagon ABCXSEF whose center is 17.3 inches from' ^ 

' the sidea and whos0 side is 20 inches long. 
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(f> Regular pentagon ABODE whose center U zf!% inches from 
the sides and whose side is 4p inches long. 

(s) Regular octagon ABCSEFOi whose center is 72,5 feet fr<«a 
the sides and whose side is 60 feet long. 

(h) Regular decagon, ABCDEFQHI J whose center is 30.8 inches 
froa the sides and whose iside is 20 inches^ong. 

Ck}nsider circle 0 in the figures below. 






We say that a r^paar polygon of n sides is ihscrihe^ in a 
ciro^ilar region if the verticles of the regular polygon are points 
on the circle. It is clear from the figures above t^t the laore 
sides the inscribed polyg^wi has the shorter will i^e the length of 
each side. It is also clear that as n gets larger^ and larger 
It will be more and aore difficult to distinguish between the 
regular polygon and the circle. 

We could say that the area of the interior of the inscribed 
polygon is- approxiiaately equal to the area of the interior of the 
circle. It will always be less than the area of the interior of 
the c^cle since there will, always be points on the circle that 
are not verticles of the inscribed regular polygon, -Bierefgre 
there is always sooe. portion of the area of the circle which is 
iJOt contained in the interior of an inscribed regular polygon. 



Howevey, for ^.arge values of n the areas are vetV aiose and we 
can think of the area of the interior of the circle as the upper 
limit of that of the inscribed regular polygons. We could say 
that; / 

(Area of interic^ of polygon) .< tArea.of interior of circle). 
^ It should also he- noted .^t> the larger we take n (the" 
niiaher of sides) the closer is the measure of .the distance ^f the 
center of the inscribed polygon to a side to the radius of the 
circle. Likewise the closer is the perimeter to the circ^«Bference 
of the circle. Now we have seen that the nuiaher of squa^ units 
of area in the interior of ti^e polygon is ^ ap. aitNwe have just 
observed that when n gets very large a gets close to r ahd 
p gets close to 2 v r so we are led to conclude . 
Propertey 7. If r is the number of linear, units in the radius of 
a circle « and (A) the number of squ'are units of^ area in its 

interior, then A « (^) (2 w r) or • . 

' A ' 2 ' .' ' < 

A « FT / ■ 




Exercises Q-lc ^ 
1. CkM^ute the area of the interior of^each of the following 
circles. The measurements in, each case are in inches. 
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(a) 
(b) 
(o) 

(a) 

(ft) 
(f) 



.1: 



r 5 10 



r 

r 



20 
2 



d 20 
d m 15 





2, Construct models i-, 8,^3, 4, 5 (see end of unit. ) 

3. By examining the results of parts (a), (b), (c) in Problem 1 

above tell the effect on the area of a circle if its radius 

■' ■ »■ • ■ ■ , . . ' 

is doubled. 



9^1 



291 



4. (a) BRAINBUSTER, Imagine that you have inscribed a regular 
polygon of 20 'sides in a circie and that you have divided 
this polygon into 2Q congruent triangles, by Joining its 
center to each vertex. Show that these triangles can be 
. rearranged into a paralieiosram whose height ife almpst 

* the radius of the circle and the length of whose base is 

aliaost one half the circuiaference of the circl,e. 
(b) BRAINBUSTER. Iiaagine that you have circumscribed a, - 
. regular polygon of n sides ( n veiy large) about a ' 
circle o. (This means that each side of the regular 
polygon* contains exactly one point of the circle. 
• Devdlop^ plausible ^gument to support the following 
- statement; 

(Area of ' >~ {Area of interior of -) 

{ interior of .circlej < ( circi^crib^ polygon) 

Together with our discussion above; this would show that 

(Area of interior of ) < (A^ea of » ) ^ 

(circumscr;lbed polygon) ( interior of circle) 

(Area of interior of ) 

C circumscribed polygon) ' ' ' > 



* ■ • t 
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9-2 Planes- and X*ines ■ . ' 

Before goins on, let us r|eview bi^iefly some or the sii^ple 
ideas about planes and lines. You are already somewhat familiar 
with parallel planes. 5hese are planes which do not have any 
points in common, that is, whose intersection is the empty set. 
Such a pair of planes is suggested by the floor and ceiling of 
your classroom, or by different floors of an ajpartment house, or 
by the covers on a book when the book is closed. Find at least 
five exacyples of pairs of parallel planes suggested by things in 
.your classroom. 

Imagine "a flagpole standing 'in the moddle of a level play- 




gij^und, and think of the lines on 
the playgro\ind which r\in through 
the 1 base of the pole as £Wn. 
What relation does there appear 
to be iaetween the line represented 
by the flagpole' in^^^hese lines 
drawn on the playground? Our experience certainly suggests that 

> . ■ . 

, the pole is perpendicular to each of these lines. In fact, if it 
were not, then by stsuiding in cert siin positions the * 
pole would appear like this, whidh is not at all in 
accord with o\n* observation. We describe this 
relationship by saying that the pole is perpendicu^ 
lar to the playground. In general ^line which 
meets a plane in a point A is s8^d to be peroendiculajHo the 
Plane if it is perpendicular to every line izi the plane through. A 
If a segment lies on a line perpendicular to a plane, we will say 




^ 4 8 









• -1. 


« 


1 




1 




1 




1 




1 
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ihSLt the segment is perpendicular to the plane 

Now try the following simple q 
experiment. Take a pifece of note-/ 
book paper as shown and fold it ^ , 
over so "SC fali^s on SJ. The crease 
you have made is represented by the 
dotted segment "51?. Then Z.AOR and Z.BQK. are both right angles. 
How 4o you know? Now take the paper 
and set it on your desk as show, in 
the position of a partly opened booki 
so-that segments "25 and 25 lie. on 
the plane of ti^e desk top. Would 
you agree that QH is now perpen- 
dicuiar the desk top? If so. 
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xj^tice that you have found a line 
perpendicular to a plane by making it perpendicxaar to Just two 
different -lii^s in' the plane. This illustrates the following 
property of perpendiculars. * 

Property 8. If a line is perpendicular to two distinct intersect- 
ing lines in a plane, it' is perpendiciilar to^ the plane. / 

The next time you help to i«it up a Christmas tree, check to 
see whether or not it is perpendi*cular to the floor by seeing if it 
is perpendicular as viewed frq|^ two different points not in the 
same line from a point on the tree. If so, it is perpendicular 
fiHwa all points of view.^^ This is an application of Property 8. 

As another example /^examine Model 5 ^d look at one of the 
segments which connect a vertex of one hexagonal end with a vei'tex^ 



of the other. As you see, this segment is a part of two rectangles. 
It is^i^refore pexijEiendloida];^ to two. segsients In each hexagon. % 
Property 8 the segment Is therefore peri^ndlcular to the planes of 
both hexagons. Examine ilfeeb.* 4^ similarly and Satisfy yourself in 
ths same way that every e^e o£ the^ solid is perpendicular to th,e . 
planes of two of its rectangular races, Wbat about the line where 
two walls of your classroom me&t? What > relation does it have to 
the planes of the ceiling and floor?- - 

■^ K^caoine Model f. to satisl^ yourself that the result actually 
applied to this also. , ^ 

Now try another^ experiment . Tie one end of a string to some 
convenient point Q in your classroom which has a clear space 
below it*, if nothizj^ else is available tie it to a yardstick 
placed ovier the back of a couple of Qhatrs, - ax^ have someone hold 
the ends so they won*t move. Now q 
select a point H on the floor and 
notice how Itmch string it t^kes to 
join Q to R. ]^ varying R try 
to find ahe point S on the floor 

which requires the least amount of string. \ When you have located 
the point S , notice the position QS~\>f \the string. What rela- 
tion does it seem to have to the ?ioor? Would you agree with 'the 




following statement? 



>perty 9 . The shortest segment having one end at a given point Q 
outside a plane and the other on a given plane r not containing 
the point Q is a segment' perpendicular to the plane r . 

' "This shortest distance is called the distgthce from Q to r . 
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Imagine now several nans in 'the ceiling of your r0<», to 
each or'vrljich is attached a arfcring. In ea<^ case the string is 
then attached to the nearest point of the floor as in our experi- 
ment above. What do you expect abQut the lengths of the different 
strings? Will they be ail the same? This .illustrates the follow- 
ing fact . ^ ' 



>^hces 



from 



Property 10 > If twof>lanes .are parallel the dist 

- ■ . . _ . . . - ■ . y ...... 

different points of one, plane to the otjber plane are all the same. 
The constant distaiice in Property lO' ia^ called the distance 

- between the para llel planes . Actually the segments involved in 
Property 10 are perpendicular. to both planes. We have already 
noticed this for the ^^ter&i edges of a right prism. 

. Exercises 9-2 . 
1. Give five'fexa^ies of pairs of parallel planes with lines 
perpendicular to both planes of the family. 
2 . V' Make Models 9 and. 10. \/' 
*3. Make>: Models il and 12. . 
4. If two paraiiei planes P^ and 

^are intersected by a planfe r 
• in lines I ^ and / g , then I ^ 

must be parallel -to ^ g . " 
Explain why this is true. 
5i We actually could have proved 
Property 9 instead of observing it 
by experiment. Give the reasons 
in the following proof . ;. 




■\- 
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i,et • S the point of > so that ^ ii^ perpendicular to , r 
'Draw segaienf "SS. 

(a) t<iSR is a right oxigXe. Wijyf " ' 

•(b) q3? is the hypotenuse of a right* "triangie. Why? ^ 
^ (c) Q]f is longer than ^ *. ' * 
But since R was any point of r except S , this shows that 



is' the shortest s^aent. ^ y- — — ^ 

6. Brainbuster . Give the following proof . / ? 

— / P ^ 

vA, segment has its ends on the . / , .! , — L 

parallei planes p^ and pg , If "52" . | 



is ^^perpendicular to Pg , show it / p 5 

mupt also be perpendicular ^o p^ • ". 
[Hint: Draw a couple of pitoes through "2^. } 




• » 9-3 Right Prisms : 

We have seen that area Is a measure^ of the regiofn of a plane 
b^^unded liy a sijQpIe closed curve. VoJ^ume is a measure of a region 
of space , 

♦ Consider a rectangle in a plane whose ^j^th and width are / 
and w linear units respectively. Imagine that we lift this 
rectangle perpenticularly to a parallel plane at a distance of h 

♦ ' 

linear units above the given plane, if we join the vertices of 

the elevated rectangle to the corresponding vertices of the 

• . \ ■ ^ ■ : ' 

original one, we have , a right rectangular prism, sometimes called 

a rectangular solid'. 




- The right rectangular prism is a surface consisting of the 
interiors of the given rectangles together with the interiors .of 
the rectangles formed by the segments joining corresponding 
vertices, and the segments boiuiding these interiors. The inlJeriors 
are called the faces of 'the prism, the bounding segments are its 
ed^ esi >and points where two or more edges intersect are vertices . 
The interiors of the original rectanglea^^e called bases . and the 
other faces' are called the lateral faces of the prism. The 
segments Joining corresponding vertices of the bases are called 
lateral edges . . • 
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You wiiX notice that in a figure of this kind ail of the faoes 
are rectangles, so actually an^ pair of parallel faces can fee con- 
Vsider^d as tiie bases of the figure. If, in the above figure, 
rectangles ABCD and EF0H are considered as the bases, then; 

rectangles ABFE, • BCQF,:' DCGH* and 'DAEH are the lateral 

^faces 

^ sesnents Ail, BS^, ^ CO, m are^Jhe lateral edges ft 
points A* B, C, D, E, E, G, H are the vertices. 
In Model 4 point out the faces, edges, and vertices. How 
many ^ -there of ea'cH?" If the ^aail squares in this model are 
taken as bases, point out the latlBrai laces and lateral edges. 

It is natural to take as a unit of volume the interior of a 
unit cube, that is a cube each edge of which is one ujtlt of length. # 





ay 



Exaaine Models 1, 2, and 3. These are models of »the, cubic 
inohj the half cubic -inch, and the quarter cu^c inch. For each 
linear tinit of measure there is 'a corresponding cubic vnit of 
vol\uBe, as the cubic foot, cubic yard, cubic centimeter, etc. 
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2he" surface are^ of a unit cube; is the sua of the aj?eas of the 
interiors of its fyes. Thus the surface area is 6 square units • 
since' there are six congruent faces ana the area of the interior 
of each face ip I square unit. Obsej*ve the six faces oh Model 1. 
Siailarly, the surface area of any rectangular right ^risia is^he 
sua of the areas of the interiors of all its faces . v . 

The measures of the edges in the three different directions ' 
: are often cafled the length, width, and height.; In the figure 
below /. , w, and h are the nwnSer^ of linear units of measiire 
in the length, width, and height, respectively. ; ; . 




No^Aoe^ there are two rectangles the areas of whose interiors 
are ^w square units, two the a^eas of whose interiors are w h 
square units, and two the areas of whose interiors are Ih square 
units. Thus; 

» •* • 

Property 11 . The nuiober of square xyiits of surface area in the 

■ • C 

interiors of the bases and lateral faces of a right rectangular 

^ \ ' 

prism is S = 2 [/w + th + whj 

■ ' \ . • • 

What is the surface area of model 4? 

The measure of the volume of any region in space is the number 
of unit cubes (or part unit cubes) of volume necessary to fii-l it. 
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The volume of the interior of the ri!ght rectangular prism can 

be deteriolneci In a fashion slsillar to the way In which we deter- 
^mined the area of ,the interior of a rectangle. Consider a right 

rectangular prlsa whose lengthy, widths and height aeas\u:*e 2, 3,. 

and 4 linear units respectively. h- - ^ 

We can take unit cubes such as figure 2b and place thea in 

s. 

the interior of tJ:^e' right rectangular prism until we completely 
cover the area of the ipterior of. the base. It is clear ttiat we 
will need 6 such cubes to cover the rectangular base. We can now 
place a second layer of 6 cubes on top of the first and so on. 
Thus T^e see that we w^il need„4 layers with 6 cubes in each" layer, 
or 24 such unit cubes. We say that the volume of the interior of 
the right rectangular prism is 24 cubic units. 

Notice that if we take the projduct of the number of square 
units of area in the interior of the base and the number of linear 
units of Hieasure in the height we obtain 4(2 X 3) or 24 , the 
number of cubic units of volume, of the interior of the right 

. rectangular prism. If we let B stand for the number of ^qiiare 
units of area in the interior of the base and let h stand for 

,the number of linear imits in the height and let V " stand for the 
niuaber of cubic units of voliime in the interior of the right 

0 

rectangular prism' we have;, . " V = Bh . ^ 

if the length, width, and height of the right rectangular 
prism has been 2, 3, and 3^ linear units, we would simply partly 
fill the rJLght^ rectangular^prism with 3 layers of* unit cubes, 6 
cubes to a layer. The remaining half layer can be filled by divid- 
ing 3 unit cube/ into 2 equal parts and placing the 6 right 

t 



9-3 / 301» 

* • . 

rectangular ppisws whose length, width and height . measure i,. l, 
1 

and ^ linear units respectively on top of the last layer. We 
now can say that the interior of the right rectangular priem is 
completely filled or that the number of cubic units in the vollj^e 
or the interior of the right rectangular , prism is (6 X 3) + 
(6 X ^) ^ or 18 + 3 or 21. Notice here too if we take the 
product of the number of square units of area (B) in the interior 
of the base ancltha. nujBber of linear units (hj in the height we 
obtain the sam^ rramber (V) of subic units in the volume of the 
interior of , the right rectangular prism, namely , 6 X .(3|) or 21. 

It seems clear that if there are B square imits of .area in 
the base of a right rectangular prism and h linear units in its 
height, the interior can be filled with h layers each with B 
unit cubes so the total- unit cubes used should be Bh . This, 
leads us .to state the following property. 

Property 12 . The number (y) of cubic units of volume in the 
in terior of a right rectangular prism is the product of the number 
(B) of square units of area in the interior of the base and thf 
number (h) of linear units in the hei^t. Thus; V « Bh . 

Since the cube is a special kind of right rectangular prism, 
namely one whose length, width, and height are all equal in length 
(s units long) we h^ve the f ollowingvj^perty . 
Property 13 . The number of cubic units of volume V in the 
interior of a cube whose edges are s linear units in length is 
given by 

2 3 ^ 

V « s • s « s 
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Since the cube has 6 faces whose interiors are' equal in area, 
namely , s square units we have. - * - 
Property 14 . The number of square units S of surface area in the 
faces of a cube is 6 s . 

Exercises g-SeT 

1. Make iaodels, using yoiir own patterns for rectangular right 

*■ . - •. »■...•' 

prisms whose measurements in inches ai^e as shown. You may find it 
helpful to look at the pattern for Model 4. 

(a) . / » 1, w = 2, h » 2 

(b) / w-2. h- 2 . • 

(c) ^ " ^i"* w « 1^, h » 2 

2. Take, copies of Models 1, 2, 3 of the cubic inch, cubic half 
inch and cubic quarter inch and assemble them Into models like the 



thi»ee models^^ir/probiem 1. Get the volumes by counting up the 
nuinber of unit cubes (and parts of - them) used. Por this problem 
you will need to pool your models with those of {.some of your class- 
mates. ' \ ' 

3 . Compute the volume of each right rectangular prism constructed 
in" problem 1 using Property 12. 

4. Compare your results of problems 2 and 3. 

5. ^alculate the surface area of each right rectangular prism 
(Bonstructed in problem 1 using Prgyperty 11 . , 

6. ConstiTict Models 6 and 7. 



7. Construct Model^ 
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Oeneral Right Prisms . 4, 

You have ali^eacSy learned about right rectangular prisms. Now 
we shall 'look at some general, right prisma. Take imjdels 1 thrpugji 
7 and examine, them carefully. They are all examples^ of right 
prisms. How do they resemble each other? How do they differ? ^ 
Keep them in mind as you read the following discussion. \ 

Imagine two cosgruent polygons (i.e. polygons with the same 
size and. shape) so placed in parallel planes that when the segments 
are drawn joining co]?respondi'ng vertices of the polygons the 
quadrilatereQs formed are all. rectangles. The figure formed is 

called a right p^ism. The prism consists of the interiors of the 

' / . ■■ ■ ■ ' ■ ^ - ■ ■' ■ 

rectangles and the interiors of the original i^i.ygons together with 

the segments wJiich bound these interiors. As in the case of the 

right rectangular prism, the segments ai^ its edges , and the points 

where two oif more edges meet are vertices . The interiors of the 

original polygons are called the bases of the prism and the other 

" ■ , ,' f V "* . ^. ...... ^ ^ , 

faces its lateral facfcs . Similarly the segments Joining correspond- 
ing vei^tices of N<he two. bases are called lateral edges . 

A prism is triangular, square,. and so on according as its 
bases are triangles, squares, and so forth. 

Referring to Section 9-2 you^will see that for any right prism , 
the lateral edges are perpendicular to the planes of the bases. 

* Class Ebc'ercises 

(a) Which of the m^els are ri|^t rectangular prisms? 

Cb) Which are right triangular prisms? 

(d) Which have hexagons for faces? 



«■ a-. 



ERIC 



30U 



Coasld^r a trlaxlgulax^ right prlAm 



9-3 





V 




of sqiiare units in the interior of the 

X ■ 



number 

triangular base is ba where b and a are the h\uzlb<^rs of 
linear units in the base and altitude of the .triailgle. (Notice 
that •letter a has been iised for the height of the triangle "to 
avoid confusioii with the height of the prison it sell!,) 

■"• - - * ' ; : ■■ . ■ ■ .- - ^ : , ■ 

• - - i,et hj be the number of linear units in the height of the - 
prism. , Carefully fill your unit cube with salt and pour the 
contents into model ,6. Continue this procedure until the n»del is 
complete^ filled with salt. Keep count of "the number of cubic 
tu:iit8 of \salt poured. This is the nuxttber^ of cubic iinits of volume 
for the model. * . 

^ No*^ l^t us calcvilate the number of square units of area in ^ 
the base o^^tlel 6, TNotice from the pattern for Model 6 that the 
iiase is the v interior of , a right triangle so it wlll|be easy to 



find the are^. Call this number of square units B . What do you 
get for B-?V Find the pr^Jduct of B and the ntunber h of lirie^^ 
units in the height of the nKjdeli How does this agree with the 
volume you just obtained? 

Do "f he same for Models 4, 5, and 7. In the case of Model 5 
Vthe base is a regular hexagon with each side 1 inch lorSg. A 



o 
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regular hexagon made up of six eauilateral triangles as shown 




\ 



so the area of the iiiterior of the hexagoi^ may be found from the 
area of the interior of an equilateral triangle discussed al?ove.^ 
Similarly, the base ^of Model 7 %B formed from the interiors of two 
equilateral triangles as shown, ^o. its area is easily fb\md. In 
each of these case^ how does the calculated product Sh compare 
with the volume as found by pouring salt? Do you find them approx- 
imately equal? (Keep the* figures on these volumes for future 
reference V) 

Even if you haver^ done your work carefully thei^e probably willT 
be some^ slight discrepaaoy between the measured volume and the 
computed product. This experimental work^ leads us to state the 
following property. ^ 

Property 15. Ibjjeneral the volume (v) of the interior. of a right- 
prism with polygonal bases is the product of the number of square 
units (B) iri the interior of the base and the number of linear 
units (h) in the height. 

" Vi " : — ■ Thus V V ■ » Bh. ■ \ ■ 

We should expect theie results if we recall how we originally 
defined volume. We could have placed layers of cubic inches and 
fractions of cubic inches on top of each other until the' interiors 
of the various right prisms were completely filled. The number of 



cubic iinits in the volume should, then he the product of the 
jiijinber B of cubic units in each Jlayer aind the number^ n of 
Isyers, ■ 

.Hieht Circular Cylinders ^ ^ 

Consider a rectangl^ in a plane (Figure 3s) 

B C — 




t 



AD A 

Iteagine J;hat we lift this rectangle out of the plane and' place it 

perpendicular to the plane. Now imagine that we "bend" it in a 

» . , ■• • ■ ■ 

circular fashion till the edges AD and BO ' coincide and the 
baaes of this figure are circles as shown in Figure ^3b. The 
figure we have described is a right circular cylinder. Its 
lateral surface has the same measure as the interior of the 
original rectangle. Its l^as^s are "the interiors, of circles whose 
circumferences are the length of the original rectangle^ The 
height of the cylinder is the height of the original rectar^le. 

' Class Exercise 

Carefully fill model 8 with cubic inches of salt until it is 
completely filled up. Be sure to keep a count of the total n^^er 
of cubic inches of salt you needed. Now calculate the area of the 
interior of the .base of the cylihder. For this notice the radius 
in the pattern of Model 8. -^Itiply^this. number by the number of 
linear units in the height of the cylinder. Compare the jjroduct 
wiih the number of cubic inches of salt used to fill the cylinder. 



Even if yon Imv'e been careful in your w|rk there will be some 

* • ■ 

slight discrepancy between the two results, 'but the experiment 
leads us to state/the folldwlrtg pjx5perty. 
Property 16 . The ^lumber V - 6f cubic units of volume in the 
interior of a right circular cylinder is the pi^duct of the number 
of square units (B) In the interior of the circular base and the 
. number of linear \mits (h) in the height; qjhus V « irAi . 
We could have anticipated this result if we r^cjall how we 
briginally defined volume. We could have plac^ llp^rs of cubic 
inches and fractions of cubic Inches on top- of each other until 
the 'interior of the cylinder was completely filled. \ The number . 
(V) of subic i,nches would then be the voliime of the interior of 
the cylinder. 

As in the case of the prism it seems clear that V should be 
the product of the number of cubes B in each Idyer and the number 
h of layers. ^ v 

The following property (relating to the total surface area may - 
be verified by looking at the three piedes of which the surface 
consists. *^ 

Property 17 . If r and* h are the numbers of linear units in 
tfie radius of the base and the height^ of a right circular cone 
and S the numbef^ of squ^ units in the total area, thfk 

S » 2Trrh +. ^rrr or 2irr(r + h) 
Actually, 2Trrh is the area pf the lateral surface. Why? ^Also-^ 
2Tr is the area of the circular bases . 



■Exercises ^-Sb -r • ' ' .^|^ 

(a) ' Refer to patterns for Models 4, 5, 7# 8 and find>*he 

perimeters of the bases. In t*he case of Model 4 con- 
, siSer the small s|u<ares as bases . • 

(b) Are these perimeters all equal to each other? 

(c) You have already 'Yoxind the volumes of these four models. 
Refer to your previous work and writ^p the results here. 

(d) "Are the volumes equal? , 

(e) List the ^dels in order of their volumes from 
smallest to largest. 

■ «■ 

it • J ' • 

^ ■ " ■ 

(f) On the basis of your- experience in this problem, what 
conjecture would you make al?out the area of the interior 

• • - ■ 

of a circle as compared with those of polygpn's' whose 
perimeters equal the ^rcumferences of the circle? 

(a) When you found the volumes of Models 4' and 6, did you 
find them equal? ^ 

(b) Cheeky part (a) by filling^onfes^ith seat and pouring it 
into the other. 

(c) Find the periiiieters of the ba^s of these' models. 
Are the perimeters -equal. 



/V 9-4 Oeniei»al Prisms - 

You have already learned al30ut right prisms . Now -we look at 
' some more general figures. Take' Models 6, 11, and 12,-^d examine 
them .carefully. As you knpw Model 6' Is a right prism, actually a 
triangular one. In what ways do. Models 11 and 12 differ from y 
0 , Model 6? Now examine Model 7 which is a right prism and the 
related . Models 9 and 10'. How do Models 9 and' 10 differ fnom 
' Modfel t? . • ' 

* ■ " ■ ■ • ■ ' » - . ' \ . 

All cyf these models represent flgu3?es called pslsmp. Keep 
* them in mind as you r^d the following 'definitions ' 

Imagine two , congruent polygons (i.e. polygon's with the same 
sjze anji-^hapel so placed , in psui^allel planes that when the seg- 
ments are drawn jpini|5g corresponding vertices of the- polygons 
the quadrilaterals formed are all parallelograms . The figure 
formed is then called a prism . The prism consists of the interior's 
of these ^parallelograms and the interiors 6f the ordinal polygons 
together with the segments- which bound thes^ iifteriors.® 

As in the case of right prisms these interiors are called 
/faces of > the prism, the segments are its edges , and the pp^ts 
where two or more edges meet'ar#vertices. The Interior of the ^ 
original polygons are called the bases of the prism and t?he other 
faces its lateral faces . Similarly the segments joining corres- 
ponding vertices of the two ba^es are called lateral edges . ' , ■ 





For example. In the ^conpanying figure 
the bases are the interiors of triangles 
ABC and A^B^C 4 the lateral faces are 
interiors of the parallelograms ' A£BiA< , 
__CBB*CS/CAA»C», and the lateral edges 
are segn^nts and "52!.*. 

^ As you know if the parallelograms determining the -lateral 
faces are aiai rectangles ^ as in Models 5 "and 6, the figures are 
right prisms. Other prisms like Models 11 and 12 are often 
called oblique prisms because theij? lateral edges are not perpen- 

. ^ » ^ 

side. ' . - ■ t ■. . ■ 

• In Models 6 and 11 point out ^the bsises, lateral faces and 
lateral edges.* ' i 

Now do the same for Models 7 and 9. In t^hese last cases did 
you have any difficulty identifying the bases? How did you decide 
The difficulty here illustrates an interesting property of Models 
^* 7* 9* IQ.. In these TOdels all faces are parallelogi*ams . 
(recall that a rectangle is -a si5,ec|ial,(^^e^ of .a «patt^ 



In these figures any P^^?; <?£.Pffli^p-te faces* may be considered the 



bases and the otl^ ;j|^iP^Ni^then the lateral faces. Such 




figures c^.^illy be thought of as prisms in three ways. Because 



thegf«^6es a^e all ^parallelograms; such pr^amft: srle giv^ t^e ^ 

^^^^h-^rx^ekr^k^^ The red^'^guXar prisms which 

J^ii^^m§t^^'^ earlier are the special parallelepipeds where all the 

faces'iramy^lMlLangles. . . 



Suppose 4i(j#iik^,pur8elves now ^bout finding the volumes of the 



9-r . * • ^ ■ ; ■ ^ • •• • . - , : ' ; 311 • - 

interiors of oblique prisms. It isn«t so easy as for the right 
prisms to imagine filling up the interior with cubes and ')parts of 

cubes of volume . With the lateral edges not perpendicular to the 

f ■ ■ 

base^ the cubical blocks don»t fit nearly without a lot of ' messy ' ' 
patch-work.. Of course we can take our cubic inch model as a 

* * • ' ■ T * ' 

container and see how .many cubic inches of salt^t takes '^^ to fill 
each of our yodels. Iif fact there is an interesting project which 
you may like to ca;[*ry out, but what we would really lijce is some 
way of finding the.v^urae from nieasurement of the figure as we did 
for the right prisms . , 

In the process of moving the cards around for any particulsir 

■ ■ . f ■ ■ r ' '' ' 

, pack two things are unchanged.. One is the size and shape of the 

cards, the other is the thickness of the pack. Thus all the dif- 

ferent prisms which arise have congruent bases and also have equal 

'distances between the planes of the two bases. To describe this 

we introduce the terra altitude . Any segment perpendicular to tfte 

planes of the bases of a prism and having one end on each is 

called an altitude of the prism. Prom the last section we know 

that. all these altitudes have the same length. The length of an 

altitude' is called the height of the prism. Thus all the different 

prisms* arising from- the same pack of cards have congruent bases 

and equal heights.- . . 

Now in pushing the cards around we have clearly not ch^inged 

the amount of cardboard' present.' It^ ^11^ thtsn tefeptin^^^'t^ 

that all the different prisms we get from the same stack of cards 

^veXthe same volumes. However, let us be a little critical. If 
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imagine the cards •^rfectly made, 
then in their oi^iginal .vertical posi* 
tion they would fit together perfectly 
like this Illustration. - 

■ >. ■ ■ ■ ' 

But as soon as we push them out of 
f 

line the edges of the cards no longer 



fit smoothly bu^ look like the second illustration instead. You 
can easily feel the effect bjr running your fingernail over the 
e%es, and .it can iie apparent, to the eye. also if the stack of 

: . cards gets' far out of the vertical . Still the irregularities 

- , . , ■ • ■ - . ■ . ■ ^ J " ' 

seem ^o bft rather small, e specialist', if we imagine we have very 

thin cards, perhaps made of tissue paper. 1 

* At least we . seem to have basis for making the- following con- 

r jecture C Conjecture is a big word for what we hope is an intelli- 
gent guess). Gonjepture: If two prisms have congruent bases and 

.equal heights^ they have equal volumes. % 

To test this conjecture' look at Models 6, 11, and 12. Do 

• - ■ 5. 
they appear to -ihave congruent bases? (Try putting the bases 

against each other to see.) Do they have equ^l heights? For this 

it may help to stand them on their bases and lay a 'ruler across 

their upper bases^to see if it seems^ ie^^eH Do you. agree that 

these models ha^^^^^^^Mi bases and equal heights? Now fill 

, ^(i^^Mi^^^ii^€''^''%^r Into Model ll.^r-Did you have too much 

Salt or not enough, or did it seem to be Ju^t right? (This sounds 

. , • - \ ' ^ ■ ■ 

like the three bears!) , po your results on tliifis e4>erin^nt conflr|ii, 

the conjecture above? 

Carry out the same experiment with Models 7, 9, and IC. 

■ -"h ^ - 
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(For this experiment treat the small parallelogram as the bases 
ince otherwise you do not get congruent bases.) Does the result 
onfim the conjecture? 

Since the conjecture seems to be borne but in practice, ^e 
Will list it now as a property. ' . 
Property l8 . *If two prisms have congruent bases and equal heights 
they have equal voliunes . • ' 

'From Property J8 the volume of any prism is the same as that 
of a right prism whose base is congruent to the gj.ven one and 
having the same height. But since by Property 15 we know how to 
find the volume oi^he right prism, we obtain at once the follow- 
ing Property . " " . 
Property 19 . The number of cubic units of volume in the interior, 
of any prism is obtained from the formula 

, • • ' V ^ Bh 

where R is the number of square units of area in its^base and 
h the'ftumber of linear units in j^bs height. 

. For example, base of Model 11 is a right' triangle with 
legs having lengths approximately 2 inches and 2^ Inches. Check 
these measurements on your model. The number B of pquare inches 
in the area of. the. base is therefore 

SO the area of the base is ^ sq. in. Why? You should f ind thfe 

not 'the same as the length, of the 
[■^dge which is about 4^ in. Thus h = ^ ^ 
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• ' ESserclses 9-4 

1. Check the acciiracy of the last calculation by taking your 
cubic inch measure^ Model l and see if 9 fillings of it will Just 
fill Model 11 : 

2. Make Models 13 and l4. 

3. Make Models 15, l6, and 17. 

4. Is a lateral edge of a right prism an altitude of the ^ prism? 
Why? ^ 

5. .^^.£9^& lateiaX^^Qg^e of an oblique prism an altitude of the 
. prism? - Why? * • 

6. . In finding the- volume of an oblique prism" a student accidently 
used the length of a lateral edge in place of the height of the 
prism. If he. made no other errors, was his answer too large or 
too small? . 



17 i. 
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/" ' 9-5 Pyramids 

Examine carefully the five Models 13, 1^, 15, l6, and 17. || 
1 These are examples of what are calied pyramids . What conmon i 
property do you observe of these five Models? 

A pyramid is a figure obtained by joining the vertices of a 
polygon to a' point not in the plape of the polygon, thus forming 
triangles. The pyramid consists of the interiors of- these 
triangles, the interior of the original polygon, and the segments 
which bound these interiors. The interiors are called faces of 
the pyramid, the segments its edges , and the points where two or 
more edges intersect ^ vertices . The interior of the original 
polygon %B called the base of the pyramid and the other faces its 
lateral faces . The point to vfhich the vertices of they|K>lygon are 
Joined we shall call thg apex of the pyramid. (Many books call 
this the vertex of the pyramid, biit we have chosen the term apex 
^ since we also call the comers of the polygon vertices.) The 
edges .meeting at the apex are called lateral edges . For example, 
in the figure the base is the interior^ 
of quadrilateral ABCD, the Ig&eral ^faces , 

k 

are the interiors of triangles ABQ,' BCQ, ^ 
CDQ, and DAQ the lateral edges are 
I^, 1^,' and the apex is Q, . 

B C 

Point out the bases, lateral faces, lateral edges,, and apex 
/on each 'of the Models. 14 and l6.. 

Notice that in ^k)dels 13, 15, and l6 tY\e bases are 'squares, 
so these are called square pyramids. Similarly Model l4 is a 
hexagonal pyramid. What Kind of pyramid is Model 17? 
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. Althoupjh there probably ' v/as no argument a&out the answer to 

the last question, there- might be disagreement ov§r identifying 

\ • ^ . ■ 

.. the base. All the faces are triangles, so how do we 'distinguish 

' * . • ■ ■■ ■ . ■ • 

which one is the^base? The answer of course is that we can't. 

Ally one of the four faces can be considered as the base, so this 
figure can be looked at as a triangular pyramid in -four different 
ways. (Compare the case of the parallelepiped which .could be con- 
sidered a prism lu three ways.) 3cca^ise it has 'just fo«r faces 
t hi s._ figure is' £-,ene rally cal.led a tetrahedron . (The t etra comes 
••. from, the Greek word for four. ) A tetrahedron with its interior 
^ is sbmetlmcc called a 3 dimensional simplex' which- was discussed in 
. detail i-B.Unit 8. ' . ■ ' 

Nov; look af^alTi, at the five pyramid . models . In each case 
iitiagine the- sG£-,ment drawn from' the . apex perpendicular ;to the ■ 
■ plane of, 'the base. This se^^ment is called the altituxle and the 
lenct-h o'f the altitude is 'the height of the prism. Compare the 
heights of Models 13, l4, 1.^, and 16. Laying a ruler across them' 
mai^ help in estimating heights . Do you find the models have equ^l 
heights? Model 17 has four heights, depending which face Is taken 
as base. Take the smallest triangle as base and cojjipare the height 
with that' of the other models.. Do all five of these models' seem 4:o 
have the same height? , ■ - 

It is not always easy ^^Imagine Just where the foot of the 
altitude will be for a pyramid. In one 'of the irlodels the altitude 
coincides with one/of the lateral edges, so the foot of the alti- 
tude is at a vertexNsO' the base. Find th^ model and the edge'. . In 
another model the f op;tf -of the altitude is entirely outside -, the 

ERIC ; , . : • • 
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base. Which model? For the other tijree t^he foot of tthe altitude 

iS' somewhere in the base. j . 

. 'The most symmetrical pyramids are calledfi freguTar pyramids . 

To be regular, a pyramid irrust. meet \wo conditiohs.. First, - its^ * 

base must be the interior of a regular polygon. . (A regular 

■ . ■ » 

polyr.on is one whose sides liave- equal lengths and whose anf.les 
•have equal measures . )' V.'hich of our models meet this first condi- 
tion? Secorld, the foot of the altitude must be at the center of 
this regular polygdti. vi/^ich of the -models* appear to be regular 
polygons? ' ^ " ■ 

If is shown in tiie Problems below that, the second condition 
is really the same as saying that the lateral edges all have equal 
lengths^ a fact much easier to recognize by looking at -the model. 

■ ' ' • Exercises 9-^ ' ' 

1, Look at the figure "which is $upposed' 

. • • • . . . * 
to show a regular pentagonal pyramid with ' 

apex A -^d altitude AQ; Since Q is the 

center of the pentagon it has the same 

distance from S V and from T . Suppose 

is 4 inches long and QT and ' • 

are eajch 3 inches long. 

(a) How , can yoi| find the -lengths of a5 and AT ? 

(b) What are these lengths? 
;(c)' Do AS and AT have, equal lengths?, 
(d) Is triangle AST isosceles? 
fe) Can the reasoning be used to show that all five of the lateral 
edges have th6 same length? 




. 3i8' V • ■ ; ■ " _ 9.5 

2^ (a; Does the reasoning in the -iast problem depend oh the # 
•fact that the base is a pentagon or would it work for any 
regular polygon? . 

(b) Does the reasoning depend on the particular numerical 
lengths given, or^ would it, apply to any lengths? ■ ^ ■' 

(c) Complete the following statement: 



If a pyramid is regular then its ^ _ are' all 

equal . • . , ' V : 

3. Look again . at the figure of Problem 1, with the- base a 

regular pentagoh, but this time suppose we know thkt the lateral 

- ■ ■ ■ ■ '• ' ^ \ 
.edges all have the sa^e lengths but do hot know where the foot Q 

,pf the altitude is located. To be definite, suppose the height of 

the prism (i.e. length of AQ) is 12 inches, andvthat each of the 

lateral edges IS and are 13 inches long^. 

ta) How- can you find the lengths of and "q^ ? 

(b) What aire these lengths? 

(c) Are 'they equal? , 

(d) Can this reasoning be Tised to show that the distances ■ 
from Q to- all five vertices of the polygon are . equal? 

(e) Does this show Q is the center of the regular polygon? 

(f) ^ the pyramid a regular pyramid? 

4^ . (a) Does the reasoning of the Problem above depend on the 
particular measurements^nd the fact the base is a 
pentagon? . > 

(b) If not, complete the following statement: 

If, in a pyramid with the interior of a regular polygon, 
as blase , the are all equal in 
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length, then- the pyramid is 



5. ' Construct a model of a tetrahedron in which all four faces 
are equilateral triangles. Such a figure is called a regular 
tetrahedron . 

6. How many altitudes does a regular tetrahedron have? 



7.\ The base of a regular pentagonal 

\ \ ■ ■ ■ ■ . 

pyramid is a regular pentagon, l6. m. 
on a side. . If the lateral ^^es of^ 
the pyramid are each 17 in., find the 1 
lateral area of the prism, that is the 




sum of the areas of all five lateral faces, Hint: Draw segment AM 
from Apex A to a ^^^point^f a side of the pentagon. This is the 
altitude of this triangular face and is called the slant height of 
the regular pyramid . ■ ^ ^■ 

8/ A regulai* square pyramid has a base which is the interior of a 
square 10 inches on a side. Its slant height (see problem above) 
is 12 inches- \^ /' 

(a) Find its total area (sum of areas of lateral faces and ' 
the base) . . 

(b) Find the lengths of the lateral edges. , ' 
9. The base of a square pyrsinid is the interior of a square 
10 feet on a side. The altitude of the pyramid is 12 feet.' 

(a) .Find the total area. 

(b) Find the lengths of the 
TateraJ. edges. Hint: How 
far is it' from'-'" -Q, to M ? 

Use this to find the slant • 

. ' ' , • i' 

height. 
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. .. 9-6- Volumes of Pyraiids 

• 'Ca% we ao anything now about finding volumes of the interiors 

of pyramids? . 

In the section on prisms we found it useful to consider 

models made up of stacks of cards. Perhaps jyou and your ciass- 

mates- would lik^ t<5 make a similar model for a pyramid. If so, 

get some heavy'* cardboard (such as grocery cartons) and make a 

series of squares^ to pile on each other. As a suggestion make" 

*the bot^tom one 6 inches on a side, the next one sj in a side/ etc, 

■ * 1 ■ " — 
going down by ^ inch each time . Theoretically you will have ^8 

squares, but actual l/^ you will have to omit the viry top ones, as 
they set too small to work with. However, you should be able to 
go up at 3-east to the" 1 inch by iijch square. To avoid ^viijg the 
squares fall apart when you move them, make a hole in the Center 
of each one and run a cord through ttea, preferably an elastic 
cord to hold them firmly together. 

If you want a larger motjpl, start witii. a ^uare one foot on a 
. sid|^ ^hls will take twice as mai^ layers and e;^f5f"lj$ines ' as much 
cardboard. A deluxe model might be made by cij^lng the squares 
out^f a ^ inch masonite or something similar in your wood shop. 

» 

The larger model would take a little over 32 square feet of 
material, the smaller a little more than 4 square feet. 

Suci/ a model should .convincingly remind you of a square 
pyramid, though of course there are irregularities at the edges as 
in the case of the prism. By shoving the squares around you , can 
make this model assume approximate shapes of all kinds of square • 
.^py^adids. When the squares are piled up with the ^center holes 

■ ■ ■ ' ' 17 
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vertically above each other it appears as a regular pyramid rlike 
our Model 13. % pushing it to one side you move the apex so it is 

no longer above the center of the base. You can very probably push 

' , ' ' ' ' . . . 

it far enoug'"» so' the apex is over a corner of the base as in our 

Model 15, and possibly even ih.1;o the position of Model l6 where the 

si' 

perpendicular frqm the apex is outside the base. ^ ' " 

In all this moving around we' clearly have not changed the base 
of the pyramid or its hefght, which is ^fter all Just the tl>ickness 
of our stack of squares.. Moreover, we have not changed the amount- 
of cardboard, in the pile. It looks like" a good guess then that any 
two pyramids with congruent bas^^and equal heights have equal 
volume^ . • 

us try this out on Btodels 13, 15, and 16 which clearly 
hatve congruent square bases and i^H^eVheighits are the same as we- 
saw earlier. Pill Model 13 with salt and try emptying it into 15 * 
and then into 3^6. Do your results confirm the guess above? 

On the basis of this experiment and the evidence of our card- 
board model we write the following property: 

Property 20 . If two pyramids have c^n^ruent bases and equal heights 
they have equal volumes. 

To fipd what the actual volume of a pyramid is however, we 
must eventually bompare it with some figur^ whose volume we know. . 
As an experiment take Model 13, the regular square pyramid and 
•Model 4, the rect^n^la^ right prism. • How, do the bases of these 
two models compare (if ^ take the small square as the base for 
Model 4)? How dp the^ heights compare?- Do you agree they Wve 
congruent^ bases and equal heights? The interior of Model 4 is 



clearly larger tha:n the in|;erior of Model 13, but how a§ich larger? 
Pill Model 13 with sal-t ayid pour it. iiitQ\M6del 4. Keep on doing 
this until ^k3del 4 i§ full.' According to your results the 
interior of Model 4 is how many times that of Model 13?. 

'\ Repeat the experiment with/Model- l4 and Model 5. Did you get 
the same multiple in this case? Make a third trial with Model 17 
and Model 6. On the basis of these experiments do you agree with 
the following property? L . 
Property 21 . The volume of a\ pyramid is one third that of a prism 
whose base is cpngruent to. the base of the prism and whose height 
is the same as that of the pii^ism. 

Since by, Property 19 we know how to find the voliune ofLa 
prism this leads at once to a rule for finding the volum^ of any 
pyramid. • - ' ^ ■ . 

Property 22 . The number ""V of cubic units of volume in) a pyramid 
is given by the formula: . ' 
■ V ' - ■ ■ V = ^Bh 



Where B stands for the number pf square \inlts of area in the 
base and h the number#Df linear units in the height. 

* Exercises 9-6 • * • 

1. Model 13 has a square base of 1^ inches on a side and^a height 
of 4 inches. Check these measurehien4te with your model. Then find 
the volume of. the interior of Model 13." . . ' 

2. Check the "result of the last problem by taking Model l%nd 
finding how many times it must be emptied into Model 13 to fill it. 

3. Model 17 has a base which is a right triangle. Measure the * - 
legs a;^ f ihd its area^ Since the height of th§ priera is 4 Inches, 




■ * . * • ■ 

4 

find, 'the volume of Its interior. Do you get the same rte^ult as for 
Problem 1?' . : ' ' • , " - 

f . . • ■ ' ■ # 

!*ind the volume of Model 14. Notice the t>as^ is a regular " 
hexagon whose sides are each 1; inch. How will you find the -area 
.of the" interior of tjiis hexagort? ^ ^ '( ' ' 

5. MaKe a rough check 'of 1;he results of Problem 4 by using 
Model '1- to see how many cubic inches Itodel 14 really holds. This 
will hot cpme out exactly;- but you should be able to get the volume 
witjiin half a cubic inch. , . • - \^ 

6. . A pyramid has a iieight of 12 feet "and a volume of 324 cu. ft. 
What is the are^ of its base? If it is a square " pyramid, what 4M ■ 
the length of each side of the base? * 

7. ' Ma3ce Model iB/ • . ' . ■ \ 



9-7 Cones ' «■ * , 

.. ^ ... , _ ■ • • . , . 

Anyotie who has eatea an ice cream cone-ha;s at least a rough- 
idea of the figure called a cone, or more * strictly a right circular 
cone. a circle be dravm as shown helow, with center C, and let 

V. be a point not in the plane of the c^rcl«e so that s.egment W is 
perpendicular to this plane,' 




JDraw all*Ahe segments from V to "^he points of the circle. The 
\inion of all these se^nents, together with the interior of the 
cijTcle, forms a rjfeht circular cone . The interior of the circle. 

. . . ^ . , ■ - 

is called the base of the cone, and'iJhe union pf th€^ segments is 
its latei^l surface . The point is called the vertex .of the 
cone. In the description right, circular conis wox*d circular 
indicates that, the base- is the interior. or ^ circle and -the word 
ri^ht means 'that, W is perpendi<;ula^;/\o the pjane of/ the, circlev 
Here we consioer only' right circular cones and when |;he word cone - 
is used it wiif mean this type . \ j ; . • >^ . " ; ■ 

Segment W is palled the .altitude of the ccine,- .and the, 
jfength dT this^egifient is ^the heignt of the cone. If Q is 'a 



•point of the cirple, what kind^ of triangle is VCQ ? Why? If you ' 
know the the ight of the cone and the radius of its base can you 
find the length of ? I^ow? if R* is .another point of the 
circle, do l/^ '.-and ^ >. have the same length? This constant 




distance from vertex V to the different points of the circle' is - 
called the slant height of the cone« ; 

If h is ^ the number of linear xinits in the height of the' 
cone,.! t the nuinber of linear unit6 in the radius, and s the 
number of linear units in the slant height, write- "an equation 
connecting h, -r, and s . If y<ju know any two of .these niimbers 
can you find< the third one from this eqtiation? j . 

As an example, suppose 
the radius of the base of a 
cone is 10 in. arfij the height 

s 

is .24 in. What is the sl^t 
-height of the cone?» 

V . ' ■ ■ ■ . 

Did you find the slant height • ' 
to be^ ^6 in.? 

Examine Model l8. Point out the base, tjie vertex, and 'the ' 
lateral .serf a<te. Approximately what is the slant height?, ,Do^yiou 
find it is .about inches? Po you find the r^iu? a ^ittle Jess 
than an inch? Writing these as decimals' sind rounding .-tq one ' 
decimal place, wf may take the slant height as 4,1 inch^ and the 
radius as 0.9 inches What is « the height of the model? ' 

. How can we find the volume of a cone? Suppose 'wtfr, use the 
method used on pyramids and compare, a cone -with a cylindi^;* h^ln 
the same height and a.ame sized base. Take Models 18 and 8. Com- 
ipare theit* base%. Are the circles the same\ size? Do" the two 

• ■ ' ■ 4 ■ 

. ■ . r « , 

models appear to have equal .heights? How did you tisst this? ■ - 

• Now fill^ Model, 18 with salt and empty it into Itodel 8. 'Con- ' 
tinue till Mod,el 8'is full; On the basis of this experiment, theV 



volume of Model 8 is ^ow many times that of Model l8? This illus- 
trates the following property. 

Property 23 . The volume of the interior of a cone is one third 
that of a cylinder of the same height an'd whose base has the same 
radius. 

y * 
Since weJiKive alreac^ learned to find the voltune of a cylinder, 

■ . ■ . ^' . " ■ ■■ ■ '. 

this leads at once to a rule for finding the voltune of a cone. 

Property 24 . If r is the number of linear uni^a in the radius of. 
Ihe base of a cone and, h the number of lineai* units in the 
height, the number V . of cubic units in , the votume of its interior 

is given by the formula 

♦ ' ■ ■•• 

■ - ' 12 ' . 

• Vss-^-irrh.^ 

2 ■ . ■ * ' ' ' ■ 

'.^ince i-s 'actually the number of square units B of. area' 

in'thfe base, the formula could be written as ' ' 

Comparing this with Property 22 shows that we have the. same rule 
■ for finding the. vofibne of a cone as for a pyramid. 

'As an example refer back to the cone mentioned above whei»e the 
radius, of the base was 10 inches and the height 24 inches. Then' 
r ■= 10, h = 24, so 'by the' formula ^bove 

\ ■ w V = i TT (10)^ 24 = BOOw ' ' ' / 

and the voItSne is SOOtt cu. in. or.abo;|t 2512 cu./iri.- ' , 

' . ' E zea^cises 9-7 

^ Laterjal Ar6a of a Cone " / , ' • . . . 

To see how tq. find* the lateral. area of a cone, look at- Model 
18.- If we take it apart agal^^i^^the lateral surface goes back \nto • 
a sector of a . circle as shown In ^^e pattern for the model , 
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' ■ ' • . ' . • •• ^ ■. 

(Hotice a sector of a circle is bounded by two radii and a" part of 



tHe circle. } That is the model which looks IjLke this 




flattens out into a sector of a circle that looks like this. 




J? 



The lateral area of the cone has the same measure as the area*of 
the shaded part we are/1;rying to fin*. The. tyrcffeoWs ma^ked^^ > 
in the figure come m>m the .same point of the model. jThe rest of 
the large circle is shown^ in dotted lines to help foli.ow the 
reasoning . ♦ * 

* Let a be the laiunber of units in ^he slant height of the 
cpne and r be the niunber of units in the radius of its base. Do 



. . . . ' <r - ■ 

the- markihgs on the figure above on the two segments and the. arc 
' sii^v the correct "humber ofyuriifta' in their lengths? Why? ' 
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Now in a sector of a circle, mujh as we have above, the anea 

■ ■ . • ■ , . ■ ' : -> \ ^ ■ «■ 

is proportional to the arc. For eatample, if the arc between the 

two points iarlced Q is one quarter of the circle, then the 

shaded area is one quarter of th«^ interior of the circle. But the 

Circumference of the circle is 2Trs and its area is its . If L 

stands for the number of squai^ units ^ifi the shaded area we find'. 



^therefore. 



Sirr L 

How do you solve ti^e equation for . L ? What value do you find for' 

.I'"? ■ ■ • . - 

This reasoning Justifies the following conplusion: 

Property 25 . If the slant height of a right circular cone is ^ 

units and the radius of its base r tinit^, the 'number L of 

square units In^fcs lateral area is £:iven by the formula: 

' L ^ irrs \ 

As^n example refer again to the cone where the radius of the base 

tis ICjl inches ^orlg and the* height 24 inches. You recall_we fdt^d ' ' 

the^larit h6ight is' 26 inches, in this probl^ we have, therefore 

r « 10 ; ,s « 26 , so . • ^ - . 

- . < . L .= IT 10 '26 « 260 IT « 8l6.4 .-. - \. 

and the lateral area is about 8l6.3 square inches. , » 

' ■ ' ' • 7 * Exercises 9-7 

1. ^ If T stands^ for the number of squ&^e units in* the total area 
of the cone (cguhting the base) write a formula for T in terms 
bf r *and^ s . ' . ' . . 

'■'*., . ■ , ' '■ - • ' 

■ ■ ■ . . " .. • 
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2. The slant height of 'a.cone is 12 ft. and the radius of its. 

base 3 ft. Find its lateiml area ahd its total area.. • 

3. ..A cone has, a height ojfS^ ft. and' its slant hei^t is 15 jft. ^ 
Find the radius, the lateral area, the total area, and the volume, 

4. The radius of the base of a c^ne is 2 ft. long and the vplume 
of its interior is 4 t cubic inches)' »Fihd its height, slant. height 
and lateral area . 

5. Construct Models 19a, 19b, -and l^c. Actually I 9a and 19b a^e 
identical except for the lettering and can bq;. cut out. at .the sairfe 
time. Be sure to put the letters on howevei' as we will heed them 
to identify th^ different vertices. Notice , that the letljers do hot 
refer to particular angles but identify a pgirticui^ vertex after 
the model is aissembled. . 



* 9-8 Dlsection of a Prism 
AcB6rtllng to our. experiments with pyramids , . the voliime of the 
interior of a pyramid is' one third" that of a prism having the same 
height as the pyi*am4d and having a base which is congruent to the 
hase of tj^e pyramid*. It is natural to ask whether w^. could see 
this by putting together three identical pyramids to form the 
prism. Uiifortuna.tely, a little experimentation seems to show this 
is not possible. However, we can get a kind of substitute, as we 

• ■ \ . <v 

shall see. * . ^ . 

Examine, sfcdels 19a, 19b, and a9c. They are all tetrahedrons 
or triangular prl,,sms. First compare Models 1 9a and 19b. How does 

face ABC of Model 19a ^compare with face. SRQ of >fodel I9b? How 

• ■ ■ . k ■ ■' „ ■ ' ' ■ ■ . . ■ - ■ 

do theix* heights compare if yte consider these faces as bases? . 

(Actually 'these questions are a 'll"Btle ridiculous since we have 
already hs^fciced th6 patterns, are identical for the two nK)dels so 
all their measurements must agree.) In any ijase the two'^etra- 
hedrons ^hBOQ. and- QRSC , that is ^dels l9a and 1 9b, "h^ive interiors 
•with equatl volumes.- 

. ■ . - ■ V . ' ■ ■ • ■ ■ . , ' " t- 

Now jsompare Ifedels '19a and 19c.' This time the models 
definitely. dQ^ hot "ilook alike. However* compstris face ABQ o^ 

Model 19^ with face BOR of 19c|| |p 3rbu find them congruent?. 

'.^ ■'■ . • ' n' : •, . , . ■ • - ■ ■ ■ • "■.>■., ' ' . 
-prace the models or^ the desk with these faces in contact with the 

• . . . . . , ■ ^ , 'f:- ^ ^ \ - . ; . ■ . . v.r . 

top of the desk. Notice' that in these positions you can push the 

• md<iels ^together so that the two faces marked BGQ coincide. What 
«an you say of .the heights 6f^ the§e two models when placed in this 
p<>'sition? Models 19&.*and 199, loo^ 

triangular pyramids with congrw^ht 'bases and equal altitudes. ^ 
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-can you say about the volumes of their" interiors? What 
V Property are you using?. ' 

..You should have concludec| that the three Models 19a, 19br 19c 
■ have interiors^ with eial volumes . Now put the three models 
together so that faces BCQ of Models 19a and 19c coincide and so' 
that QJ^C of 19b and 19c coincide,' ;what is the resulting 

figure? Is At a triangular prism? > * 

^ These three models with eq\ial volixmes can thus be assembled 
to form a prism whose base is th^ sai^e as the face ABC of Model 
19a, and whose height is the, same as that of 19a. This shows -again 




the result stated in Property 21 . Actually the work is Jus^ the 
process of disecting a prism into tetrahedrons which you .discussed 
in Unit 8 except thal^ here we have been particularly i'ntei»ested in 
the volumes ^of the pieces. • . ^ 

' - If we imagine^ Model 19a as originally given, we can tl^nk of 
Models 19b and 19c as two more tetrahedrons which have been invent- 
ed having the same Volume as- i9a and so that they can be comj^ined 
with 19a to produce a prism of the same base and height. In this " 
particular case the base of 19a is an egu.ilateral triangle^ and 
one of the lateral edges is perpendicular, to - the plaice of the base. 
Could this still have, beeVi done if ABCQ were any triangular 
prism? The answer is actually ye.s . ' In tl^ Exercise 9-8- ^ou are 
asked to produ&e the other two models, foi» a more general tetra- 
hedron. • • .* 



BRAINBUSTER, Construct the model for which the pattern is given 

below. - Letter the vertices as shown and thini^ of it as a 

. ■ *■ ■ 

. ■ ' ...... 

V- triangular pyramid with base the interior 6f triangle ABC, 

Design and construct models of two other, tetrahedra having 

the same volume as this given one and which, combined with 

it, prodiice a prism having the siune base and height. 
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Cubic Inch 
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Model 2 - Half Cubic Inch (noC^half inch cube) 



d 



Model - Quarter Cubic Inch (not quarter inch cube) 
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Model 5 - Right Hexagonal Prism - . (j 
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Model 6 - Right Triangular Prism. 

^(Base is Interior of a Right Triangle) 




/ Mo-Qel 8 Right -^Jircular* Cylinder 

^ It Will be easier to draw the" circular bases with yo^r'own compass 
using the radius of .the 'circle below, rather than trying to trac6 
the circle -Bs shown. .Make two copies of the circle fd?"^he two 
bases. Attach the lower base firmly (with -scotch tape) but attach 
the top base only . at one point ^o it can be readily opened. 
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. Model 11 - Oblique Triangular Prism ^ ' ' 

(Base is I^eri'or of a Right Triangle) : 
MaiJe an extra copy of the triangle to use- for' the other base, 
use only one tab in attaching it, so the. top can be orJened if 
desired. ' ' 

• c . . • • - • . . . 
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Model 12 - Oblique Triangular Prism 

(Base is the Interior of a Right Triangle) .' ' 
'Make an extra copy of the. triangle to use for the other base, but 
* use only. one tab in attaching it so the top can be opened if 
desired. ! 




J 



ERIC- . 



\ 





% I 

Nbdel 18 - Right (krcular Cone • \ . ' 

' JEt will be better to dj^aw these circles with y^3ur own poapass 
using the radii of the circles drawn rather than tryiJig bo trace 



vthem. Th^jradius of the small circle is supposed to "he the same' 
as in Model 8. . ' > . " . .. 



'i . 
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Model 19b' * • / 
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Model 19c 




length as the segments i-n Models 19a land 19b' joining the same end 

points. That is, segment "S^-here hasi the same length as segment 

* ! ■ j . . . ■ 

S5 in Model 19a. . " . 



- . 'Summary jof Properties fpr 'Unit' 9 

-Prgperty I' . Th6 hiunber A of square unita'of area in the 
interior of^a rectangle is' the product of the numbers of linear 
units, i and w- in the length • and wl^th respectively. . 
Thus A /w. ' • ' 

Property 2 . The. number of square units X in the area of the' 
int eraser of a square whose edge is s units in length is the 
product of the humbei's of line^ units in its lengthCs) and its * 
wldth{s). Thus A = "s ^ = s^ ^ 

Property 3 . The number A of square ufiits^of the interior of a 

parallelogram is the product of the numbers of linear units -b and 
h in the base and height. Thus- Jl bh . .\ 

Property . The niirab^r A of square units of ar.ea in the interior 
ot a triangle is ^ the prpduct of the^^uinbers of linear units of 
feeasure in vthe base and height . A = |bh • . ' 
Property 5 . The number A of ^uare units of area in the 
interior of an equilaiberal triangle is: A -v/3. • sE . ' [ 
Property 6. The number A of .square un^ts of area iW the 
interior' of a- re^lar polygon is the product of the' numbers of 
linear units in 4.ts perimeter and the distance frpm the center, to \ 
each side. 

Property 7. If r is the ntimber of linear units in the radius of 
a circle and A the number of square units of area \n its " 
interior then A (|r)(aTr) or 

, ' . A = TTP . . 

% ' ' ' 

Property 8. . If a 24.ne is perpendicular to two distinct inter- 
sectin^ Ifhes in a plane, it is perpendicular 'to the plane. 
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Property" 9 . The shortest segment having one epd at given 

•. ■ . (*• : • • . . ' 

point Q ■ outside a plane and the other pn a given- plane r riot 
* .' ■ . ^ *" ■ ... , . ■ ■ ■ "l ■ ' • • . . , ' 

containing the point / Q ' is a segnient perpendicular to the ^ 

plane r . # , ^ ( 

Propei^ty 10 . Jf two planes are parallel the distances f^om 
different points of pne plante to the ot^^ plane are alj' the same. 
Property 11 . The nuinbers of square units of^surf ace area in the 
interiors' of the baseg and lateral faces of a right rectangular 
prism is S'= 2 [iw + h + wh] . ' . • " 

Property 12 . The nurn^ (^) of cubic ^nits of volume in the ^ 
interior of a j^ight rel^ngular prism is the product of the ^ ' 
number (B) of square units of area: in 'the interior of the base 
and the- rfimber , of linear units in the height. Thus V = Bh." 
Property 13 . The number of cubic units of volume V in the 
interior of a^cube whose edg^s are s linear units in length is- 
gJtVen by V ^ s^ • s = s'^ . , 

Property 14 . The nuirfber of square, units S of surface area in 

the faces of a cube is' 6s^ . A . 

/" . . . ■ 

Property l^r^ In general the volume (-V) of the interior of a right., 

prism with polygonal bases is the ■product c^f the number of square 

units (B) in the interior of the. base and the number of linear 

"units (h) in the height, y^^s V = Bh. ' v-* 

Property l6 . The number V of cubic .linits of volume in the 

interior of a right circular cylinder is the product of the number 

of square units (B) in the interior of th^ circular base and the 

number of linear units (h) in the height. Thus V - irr^h 

• ■ . . •' . ■ - 
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Property 17 . ir r and h are the nianbers of linear units in 
t^e radius of the base aild the height of "a right ci^rculai' done 

and S the number of stjuare iinit^ in the total ai»e^, then ^ 

• -p ' ■ ' ' ■ ■ . " " • 

S • SuTh + 2irr *or 2Trr(r+h) . * 

Property- 18 . if two prisms have c.ongruent ^bases 4nd equal 

' '■ '* . » • •. ' ■ . . 

heights they have equeuL voliimes. ^ 

■* 

Property 19 » The number of cubic units of volume in the interior 
,of aihy prism** is obtained from the fo^nuia, V =^ Mi . ' 
ProjSerty 20 . If two pyramids have congrueht bases and equal 
heights they have equal vol\imes, 

J*roperty 21 , The volume of ^ a "pyramid is one- third that of a 
prism whose base l|i congruent to the base of' the prism and whose 
height is the same as that of the prism. , . 

Property 22 . Tha numbed* V of cubic units of volume in a pyramid 
is ^veh by the fdrmula, V = 1/3 fih where B stands for the 
number of. ^|quare units of • area in the base and h^ tta» number of 
linear units in the height.' 

Property 23 . The" volume of the interior of a cone is one third 

that of a cylinder of the same height and whose base has the same 

radius, " ^ ' ^ ■ : '. 

Property 24 . If r i^the number of linear units in the radius 

of the base of a, cone and h the number of linear units in the 

'height, the number V of cubic units in the volume of its interior 

2 2 

is given by the formula, V = l/37rr h. Since ttt is actually 
the number of square units B of arfea in the base, the formula • 
. could be ^itten as V « l/3Bh . 



/ 
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Pi^oper-ty" ^5 . V If the sl^t height of. a right circular cope 4s s 
units and the radius of its'^'base r .units, thp-^ij£anber L of- 



- square unii;s in its ;iateral area is .given by the foimila. 
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. • UNIT 10 

■ t R 5 L A T I V E E R' R 0 R 

* % lO--!. 'Greatest . Possible Error ' • ■ 
'^ When you '^se. nujnb'ers tp count separate objects' s?ou nee<f o ' 
- counting .mimbers. In counting, we .set up a. one-to-one cprred^. ' 
pondence between the objects counted and 'the members of the set 

^. oj counting numbers, ' V/hen you count the number of people in a . ' 

". ■ ■ ' ' ■■>-..• 

• /classroom you kno\^ the "result will be a counting- number J. there 

. inay be. e:{actly li, but there" cannot be 11 j; or 10 ^ . If there 
■ ,'^are a great many peoisle, or if you are ^ot sure you have counted 

co!rrectly, you may say .there 'are "about 300", rounding' the number - 
•to the nearest hund,i?ed. • ■ " , ' 

V/hen you measure something, the situation is different'. When 
'you have measured the length of a line. segment with a ruler divided 
, into quarter-inches, the end 'of the segment probabij^ fell be^en 
two quarter- inch marks, and you had to Judge which mark appeared 
closer. Even if the end seemed to fall almost exactly a quarter- 

inch -mark, if yoi^.had looked at it through a magnifying ^lass you 

• - ' ■ . . ■ : , ' ' ' . ■ , ■ . "■ 

wouic^ ^probably have found that there 'was a difference. And if you 

had then changed to a ruLe-r^with the inches divided into sixteenths, 
you might' have decided that the end of the se^ent was nearer to 
' - one of the new sixteenth-inch marks tjian' to a quarter-inch mark. ' " 
In any disct^slpn of measurement we assume proper use of 
instruments. Improper use of instruments can occur through 
ignorance, or carelessness. These mistakes can be corrected by * 
. learning how the .instrument works and by careful inspection during 
:•. , ■ ' . . ■ ■ / " ■ ■ ■ 

ER?C ; . . • . 2j2 



the maasurement process, • Scientists and mat hema^ clans agree that' 
measurement cannot be considered exaTct,. -but only approximate. The 
important thing to Jmow is Just how inexact a measurement is, and 

' * ' ' ' * • ♦ - 

to state clearly how 'exact it is. • 



A ,1 • 2 f - 3 ^ i 
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Look at the line above, which shows a «<5ale divided into one^ 
iTTLCh' units,. The zero point is labeled "A", and point B is between^ 
the 2- inch mark and the' 3- inch mark... Since B clearly closer to 

the two- inch mark, we may say that the measurement of segment AB- 

•1 ■ ■ 1 ■ ■ ' ■ ■ 

is 2 inches. However, any point which is more than li inches 

'from A and- less th^n si inches from would be the -end point of a 

2 ■ ■ » 

segmgiitvwhose J-engt)!, t'o the nearest inch, is al^ 2 inches . The 
mark' beloii the ♦line " shows the space within which the endpolnt of a. 
line segm^t 2 ^inches long (to the nearest inch) might fall. The 
length oSv.aiifi**''6r^e^ent might actimlly be almost i inch., less than 
2 inches, or, almost i. inch mt^re than. 2 inches. We therefore say 
tbat, when a line segment- is measured to the nearest whole inch 

the "gi^atest possible error" is 1 inch.- Thl^ does not mean that' 

s. 2 \ 

you have made a mistake (or that you have ndt)^ It simply means 

th&t you measure properly to the nearest whole inch, any 

measu^^exaent more than li inchls and less than Inches will be 

2 ' > 2 

correctly reported in the same way, as 2 inches. Consequently 
such measurements are sometimes stated as 2 ± — inches. (The 
symbol " is read "plus or minus",) The greatest possible efror 
of this meapure is ^ inch. When we state a measurement as 2 

/ERIC . 2 . :j 



inches in this iinit we mean 2'±— il-nches^-^-'S^O, 5 ■inches. In the 
everyday world , this* is often not the case^ therefore in industrial 
and scietntif id work the greatest possible -error should l?e speci- 
fically stated, for example It measurement should be* feiven as 
2 ±0.05 inches or 2+ 0,005 inches, never simply as 2 inches. 

Often in business and industry t?he term tolerance fs used. 
Tolerance means the greatest error which, is allowed. The ' tolerance 
might be^ set by the person who is purchasing a certain manufactured 
product or by the operation of a machine. For ^nstance, -an auto- 
mobile manufactui»er might sp^ify that the cylinders of» afi- engine 
should have a diameter of 5 inches with a tolerance of one- • 
thousandth of an inch. This means the diameter cannot vary more 
tftan 0,001 Inch from 5 inchesj the dimens'lon .woul/d be given as 
5 ± 0,001 inche'^. On the other hand, a producer of water pumps 
might demand a tolerance different from 0, -001 inch. -Laws often' 
specify tolerance for instruments in commercial use like' scales 
for, weighing. Scales are allowed -to vary within certain limits. 
Coui^ cases are sometimes decided- on the basis of tolerances 
allowed in the calibration of police car speedometers, 

■ , . J ■ ■ 

* • • Exercises lO-l 

1. ' Draw a 3>lne and mark on it a scale with divisions of ^ inch. 
• Mark the zero point C. Place a point between l| and l|, 

'but closer to l|, and call the point D. " How long is CD to 
. the nearest -i inch? 

2. Between w'^t two points on the scale must D lie if the measure- 

1 

ment, to the nearest — inch, is to be 1^ inch? How .far from 

,3 ■ ■ " 

is each of .these points? 



Why. mSiy this measurement of CD be' stated ? 

(k) .The measurement of a line segment was stated to be li 

Inches, This segment must have been measui^ed to the 

nearest t Qf an Inch, 

(b) jThe endpoint oj the segment must have fallen ^Between 

1 and 1 \ . . ^ 

(cy The tneksurement . might be stated a«-'li± inches 
(d) *The "greatest possible error" ,ln the > measurement of this 

segment "is . , \ ' ,* 



The measure of a line segment was stated as 2^.^ ± 

(a) Between what^jaarks on 'the scale must the end of this ' 
segment l-±e? .* . . •' 

(b) VThat is. the greatest possible error? " * . 
If a measurement is "stated )to be inch, this means that the. 
measurement was made to the nearest of an inch, and the, 
unit is inch^ , ■ • 



Wn'en you measure to the nearest ~ inc^, what isjS|ie greatest^ ■ 
possible error"? : * ' . 

A meter stick is divided into centimeters and tenths of a centi 

qieter. A line- segment was measured with suQh a scale, and 

■if ' 1 • ' ■ 

stated to be 31— centimeters-. ' . 

10 

(a) What wa^ the unit of measurement? ^ ■ ■ 

'• ' '■ - ■ . ' 

(b) State the measure 3-2 + 

10 ^ 

(c) V/hat was the greatest possible error? x 

fc 

.100 



' - -1 " ■ 

Scientists sometimes measure to" the nearest - — of a 



centimeter. 

The "greatest possible error" in a measurement is. always what 
fractional part of the unit used? , 
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' 10,-2. Precision and Significant Digits 

' • Consider the^wo measurements, 10^ inches and lai inches. Aa 
comraonly ,used, these measursraents do Viot indicaf^ what unit of 
measurement was used.' Suppose that the unit for the first meaaure- 

ment is/^ inch, and' the unit for the second "toeasurement is i inch. 

.. 8 . > . - . 2 

Then we say that the first measurement is moire precise than the 
second, or has greater precision . Notice also that the greatest - 
possible error of the first measurement is 1 of ^ inch, or inch. ' 
The greatest possible error is less for the first . measurement, than 
for the. second measur^ent. Hence the more precise of two measure- 
jnents is l^e one made with the4maller unit, and for which the^^v ' 
greatest pfessible error is therefore the smaller. - 

It is Very important that measurements be stated so as to 
show correctly how. precise they are. I-n this unit we adopt the ^ 
' convention that the denominator 'of the fract^iona^ part^of^a 
measurement indicates the unit of measurement which was used i If 

t ^ * ■ . ' ' 

a -line segment is measured to the nearest i inch, and the measure- 

6 " •' ' 8 ■■ ' 

ment is 2^ inches, i^e shall hot change the fra'ction to |, for that 

would make it appear that the unit was -i "iilch, rather than 1 inch' 

' , ■ ' . ' k ^8 

If a line segment is measured to the nearest ~ inch, and the ^ 

measurement is closer to 3 inches th^n to 2^ or 3^ inches we 
shall state it to be 3^ , so that it is clear that the unit used 
is J inch. . ' . . , . 

Usually scientific measurements are -expiifessed in decimal' 

I' 

form. Per instance, it is known that one meter (a ur^it in the 

■ ^ • 

metric system of measures) -is about 39.37 Inches^ This means that, ' 
a meter is closer to, 39. 37 inches than it is to 39.'38 inches or 
39*36 inches. In other words, one meter lies' betweeh 39.375 
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inches and 39.-364 Jnches.. 

• The- measure of 39.37 includes k signl^cant .digits. ' They a 

* \ . ■ ■•' . ■ ' . ■ . , / ■. ■ ^ ■ 

significant in that they tell us the precision 0^ dur mezCsurement 

The place value of the last signif-icSnt, digit to the right indicant 

the precision, in this case' one hundredth gf Inch. ' • 

All non-zero digits a,re ^i.ignif icant. A zero may or may not 

be significant.- fZeros are significant wheh they are between 

non-zero, digits as in numerals like 200^ (4 significant digits), 

80,062 (5 signifi6arft digits), and 3.08 (3 significant dig4.ts). 

Zeros are -not significant in numerals such as O.GOB and 0.026 be- 

cause the zeros are used only to fix the decims^l point.' 

If we were told that someJ;hing is 73,000 feet long, it is nbt 
' ■. *. '. ' ~ ■ ' '■ ■ 

clear whether-«r not the zeros at the end are significant and 
» ■ • ■ ' " ' . , » 

actually indicate the precision. There is doubt about -the pre- 

* cision of such' a* measurement, i^he unit of mea^ui^ement may have 

' J ' ' ' , 

been 3r,000 feei, 100 feet, 10 feet, or 1 foot. In a'^casie like 

this, a zero is sometimes underlined to show how precise the 

r'jh^tasurement l,s.. For example, 73,000 ( 3 signif icaffc digi^ts) means 

t^hat vthe measurement is precise to the nearest 100 f-eet, 73,000 

(i^ sdgni'f leant digits) 'means that the measurement is 'precise to 

the nearest 10 feet,* ^nd 73,000 .( 5' significant digits) means that 

the measurement Imprecise to the nearest foot. If no zero is 

underlined, we understand that -the measurement was-Ttiade to the 

nearest 1000 feet. If a measurement ^§^atated as 5.640 feet we 

underst^and, without underlining the zero,^ that it is significant 

and that the unit Is one thousandth of a fc^ot, for otherviise the 

zei»o would not be written at all. 
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• • When a number is written' in scientific notation, all of the J 
; digits in ttne first factor are significant, -gpbr example, the 

measurement 2.99776 i& 10-*-^ cm/sec, for; the velocity of light 
has 6 significant d3^^|M^j|?toe-measui^ment 2.57 x 10-5 for the 
•f radius of the hydrogen a tpm> has 3 significant digits; the 
' measurement for- the_ national .debt in I957: 2.8 x 10^^ dollars, 

'has 2 significant digits.' 4.800 x 10® has' 4 significant digits. 
■- In the last case,, the two final zeros are significant. Were they 

not, the number should have been written as* 4.8 ^ 10®. 

■• . ■ ■ . • " ' ■ 

. Exercises 10-2 
^, — — ^ 

1. Suppose you measured a line to the nearest hundredth of an * 
inch. Which of these numbers 'ststtes the measurement best? -P" 

3.2 inches . - ^ ' 3.20 'inches 3.200 inches 

2. Suppose.you" measured to the nearest . tenth of an Inc^. " 

• Which of these numbers should you use to state the result? 

,4 'inches ' • 4.0 Inches , 4.00 inches 

3. Tell which measfUrement in each pair has th^ greats precision. 

(a) 5.2 feet, 2 1/4 feet ' 

(b) OvBafee|, . 23.5 feet 

(c) 0.235-lndhes, 0.146 inches ' \. ' ' 

[ 4. What is your age to the nearest year, that is, whatsis your 
nearest birthday ^ tenth, efleventh, twelfth.., . .>? ' . ., 

All. of you who say " 13" must be between ^ ; and 

yetrs old. 

5.. (a) For each measyirement below tell the place" Value of the ' 
4 last significant digit', , • - 

(If) Tell the g^^atest possible error of the measurements. 

■ . ■ * ■ . 
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(a) 52700 'feet .(b) 527O feet (c) 52700 feet 
(d) 52.7 feet - (e), P.5270 feet V (f) 527*0 feet ' 
6. ^(a) Which of the i|easairements in Problem 5 is. the most precise?. 

(b) >Which is th^ least precise? 

(c) l3o any two measurements have the same pi*ecisioh? 

7 Show by underlining a- zero the precision of the following 



measuremepts: 

(a) 4200 feet measured to the nearest foot\ 



'(b)' 23,000 miles, measured to the nearest hundred miles, 
' (cj ^l-8, 000,060' peqple, reported to the nearest ten- thousand . - 

8. Teir the nximber of significant d^.gits in each measurement: . 

(a) 520 feet (b) 32,46 in. (c) 0.002 in. (di 403.6^ft. 

(e) 25,'800 ft. (f) 0.0015' in. (g) 38,^ ft. (h) O.IJeos in 

. ■ • , ' It" ■ ,. -v,^ 

9. How many significaQt- digits are in each of the following^ 

(a) 4,700 xio5 ; (d) 6.70 X 10-^ 

• ■ (b) 4.700 x 10^ . - '(e) 4.7000 x 10 

• (c) 4.7 x10^5- (f) 2.8 X 10^ 

10-3. Relative Err6r, Accuracy and Percent of Error 
While two measuremer^ts may be ssade with the same precision 

(that is ^ V^th the same unit) and theref'Ore with the same greatest 

■ ■ '• • ■ < 

pos»4bi«^ error, this error is more important in some* cases than 
In others. An error of 1/2 inch in measuring your height would 
not b.fi very misleading, but an error c>f 1/2 inch in measuring 

♦ your nose woul^ bd misleading. We can get a -measure of the im- * ^ ^ 
portdnce Qf ,the greatest possible error by comparing it with the" 

* . ■ • * 

measurement • > Consider these measttrements and their greatest . 
possible (errors J ■ - 
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4 in. ±\0.5'in:: ' 58 in. ± 0.5 in. 
Siiice these measurements are both made to the nearest inch, the 
greatest possible error In each case is 0.5 inch. If :we divide 
the greatest possible -ei-ror by e^ch of the measurements we get 
these results; . ^ v 

" - -jIj ^" . 0.0086 ^ 

' The quotients 0. 125 and 0. 0086 are called relative errors ; • 
The relative error of a measurement is defined as the quotient of 
the greatest possible error by the measured value. 

Relative error greatest possible error 

measured value' 

Percent of error is the relative error expressed as a percent. 
In the above two examples the percent of error is 12.5% and 
,0.86%. ^ • . ^ - . • ^ 

* , * '9 

The measurement, with a relative error of d.0086 (0.86%) is more 
accurate than the measurement with -a relative ^^^pD^' of 0.125' (12.57.^ . 
By definition a measurement witli fi. smaller relative error is said 
to be more accurate than. one with a largeii relative error. 

The terms accuracy and* precision are used in 'industrial and 
. scientific work in a special technical sense even though they are 
often used loosely and as synonyms in everyday conversation. Pre'- . 
cislon is .the leng'th of the unit of measurement, whi^i is twice 
the greatest possible error while accuracy is t^he relEtive^ errar. 
For example, 12.5 pounds and 360.7 pounds are equally precise, that 
is, .precise to th§ nearest- 0.1 of a pound (greatest possible error 
in each case is 0. 05 pound). The two measurements do not poUess 



I 
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* ■ 1 ' • . • * 

the same accuracy. The second measurement is^ more accurate. You 

■ • ■ 1 

sh€>uid verify theLjUst statement by compujting the. relativ^ eiTTOrs 

■ ' " - i ■ 

in each case and comparing them* j 

An ast^ronomer, for example, making al measur^n»nt of the dis- 
tance to a galaxy may have an error of a trillion miles 
(1,000,000,000^000. miles) yet be far more accurate t>ian a machinist 

measuring the diameter of a steel pin to the nearest G.OOl inch. ^ . 

■ ' ■ ■ ■ 1 ' ■ ' 
Again, a measure indicated as 3.5 ir^ch and another as^^S.5 - \ 

feet are equally accur^e but the first measure is more precise. 

• ^ ■ " ■ i ■ A ' ■ 

Siiow this! ! . ► ' 

■ ' Exercises 10-3 ' 

In all computation exjpress your answer so that it Includes /two 
significant digits. . . : 

1. State the greatest possible error for each of these measurements 
1(a) 52 ft. (bf - 4.1in. (c) mi^. " (d) ' 360' ft. 
,(e). 7.03 in? (f) O.OO6 ft, (g) 5^^000 mi. • (h) 54,00) mi. 

2. Find the relative error of each measurement in Problem 1. - 

3. Find the greatest possible error and the pei*cent*"of .^rror for 
each of the following measurements. 

(a) 9.3 ft. (b) ^ 0.093 ft./ (a) 930 ft. (d) 93,900 ft, 

* 

4', What do you observe about your answers for Problem 3? Can you 
' . explain why the percents of error should be the same' for all 
of t^ese measurements? 
5. Find thfe precision of the following measurements. 

(a) '26.3 ft. (b) .0.263 ft. * (c)- 2630 ft. . 

(d) 51,000 mi. > (e) 5.1 ft^ . (f) < 0.051 in. 
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6. How^many sigijlfic^t digits are there in each of these 
measurements? ■ ' 

(a) 52a in. (b) 52*10 in. ^ (c) 3.68 in. (d^ 368.0 in. 

7. Find relative error of each of the measurements in . 
. Problem 6. ' . 

"o L ■ 

8. Hrom your answers for Problems 6 aind 7, can ^ou see any » 
N relation between tlie number of significant di|its in a measure- 

^ raent and its relative error? What is the re^tion between the 
• number of significant* digits in ci measurement and its accuracy? 
^9. Without computing, can you teia^ which of the measurements 

belbw-has the greatest* accuracy? Which is the least accurate? 
. 23.6 in..^" 0.043 in. 78^2 in. - 0.2 in. " • 

10. Arrange the following measurements - in the order of their 
precision (fjrom least to greatest). 

(a) 36i;in.i 27|g in,, 3s| in./ 46| In., '22^ ' ' 

(b) 4'.62 in.,^ 3.041 in., 3 in., 82.4 in., 0.3762 in. . 
♦11, Arrange the following measurements in order of their accuracy 

•(from leas^ .to greatest): \ . • 

. • 6 ft. (• ± 1 ft..),' 3.2 in. ( ± 0.0<^ in.), ^•2 miles ( ± 0.05 mile), 

^ . ' 3| in. ( ± in..), 3 yd. 4 in. ( ± | in..). . 
12. Count the number of significant digits in each of the following. 

(a)/43.26 - (e) O.6070 "(l) 76,000 

- y : (b),'. 4,607 • '. (f) 0.0030 ' - , ; • ( j) 43,000 

(o) 32M0^'- . .(g) 4,0030 .(k). 0.036 

,. (d) O.GO62 ' • (h) 0.03624 • (l) . 200.00004 

' *13. Express the foilowfeig in scientific notation.' • ^ 

(a) 463,000,000 (f) 0.0QO04O0 . ; :- . ., 
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,(b) 327,000 ^ (g) ^^ 36.8 X 105' ^' 

» (c) 0.000^^62 ' M 6.8 x10''^ 

(d) 32*00^^' (i) 72 billion , • . - ^ 

. • * ■■ ■ ■ ■ ■ . '. ' • ■ •■ . •• * 

(e) 2 • ' ; ' . : ■ ^ 

Ik, By inspection arrange 'the^ foj-lowing, by letter, in order pf 
>their" magnitude^ £r6m-' least to greatest, 
(a) 3,6 X 105' . -* . (f) 4.1 X 10^ 

" • '(b) 3.5 3c:iO^ (s) 3.527 x 10? ' ■ ' 

/ Cc)/ it. X 10-^ . ; ' ' * (h) 3.55x10^ , • • 
(d) - 3.527- x' 10^ (i) 3.4 X 10-7 • 

. (e)" 3.5 x ap-^2 ' y '( J) ' 3.39 X 16-*^ v 

15. BRAINBU&TER, A mster^ machinist meastires a 3^ inch piston 

* * * * ■ 

*head to the nearest 0,0001 inch -whil^ am astronomer measures 
by the parallax, the distance to Oanis I^jor (the star airius). 
as correct to 'the nearest 10,000,000 miles. The distance to " 

., Sirius is 8.6 light yea:rs (1 light year « 6 x 10-^^ miles). 
Which measurement is more accurate? . 

1,6-4, . Adding and Subtracting Measurements^ 
« Since measu^ments ar§ never exact, the answers to any 
questions which depend oh those measurements are ^Iso approximate. 
For instance, suppose you measured the length of a room by making 
two 'marks on a wall, which you called A and B, and then measuring 
the distances from the comer to A, from A to* B, and f jK>ffl B to the 
* other /cc^er,^ Measuremertts such as these which are to bemadded, 
iSfhould all t?e Wde with the same precjUsdon. Suppose, to the 
nearest fourth of an inch^ the measurements wex^ 72i inches, 4o| ^ 
Inches, 22I inches. You would add ^these amounts to get ^.nohes 
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Of cbursej the distances might have been shorter in each case. They* 
could have been almost as sraall as 72g , 4o| ,. and 22^ in which case " '. 
the distance would have been almost as small as 135g inches, which 
•is \;hree-.eighths of an inch less than 13^ , Also, each distance 
, mi^ht have been longer by nearly one^ei^hth of an inch, in which , 
, ease the total length might have -been almost three-eighths of an 
inch 'longer than.l35|' , The greatest possible error of a sum is 
the sum of the greatest possible errors » If we were adding measures 
of . 37. 6, 3.5# .and 178.6^' the greatest possible error of the sum 
would be 0.15. The result of this addition could be shown as 
219.7 ± 0.15. .. ■• . •• , 

■ Computation involving measurements is very important in today *8 
-world. Many rules have been laid down giving the accu?«cy or pre- 
cisidn of the results obtained from computation with approximate 
measurements.^ Too m§«y rules, however, might create confusion and 

4> ■ ■ " 

would never rej)lace basic knowledge of approximate data. If the " • 

, ■ ■ ♦ * ■ 

meaning of greatest possible error and of relative e'rjTor is under- 
stood, the accuracy or precision of the result of computation w'ith 
approximate data can "usually be found by applying common sense and 
Judgment. Common sense would tell us that with , a large number of 
-measurements the errors will, to a certain extent, cancel each other, 
r The general principle is that the sum or difference of measure^ 
J raents cannot be more precise than the leastjirecise element in- 
volved. Therefore to adc? or subtract numbers sprising from 
approximations, first round each number to \the unit of t^he least 
precise v^umber and then perform the opei«.ti{ 
• ^ As we have seen, the greatest possible error of a sum for 
difference) of several measurements is the sum of the greatest 

o - .. , 
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possible errors of -the measurements involved^ (To estimate the 
expected lerror. of a sum, taking into account the way the errors , 
would often cancel each "'j^ther, we need to use some ideas of 



probab^ity. ) 



Exercises 1044 



1^ Find the greatest possible error 6n the sums of these* measures: 
\ Jla) ^ iri., in., 32 in. ' 
.in., 6- in. , 3 in. 



2. 



3. 



(b) 
(c) 



h.2 in., ^ 5.03 in. 



(d) k2,5 in., 36.0 in., 49.8 in. 

(e) 0.004 in., 2.1 in., > 6.135 in. 

(f) ini, ij| in., 3| in. 
Add the following measures: 
(a| 42.36, 576.1; 7a.4, 37.285, 

(b) / 85.42, 7.30^, 16.015, 36.4 

(c) 9.36, 0,345, .1713.06, 35.27 
Subtract the following jneasures: 

(a) 7.3 - 6.28 / 

(b) , 735 - 0.73 

(c) 5^30 - 647 



.. '• 10-5.- Multiplying and Dividing Measurements 

You know that the area of a rectangle' is found by multiplying 

1 * ■ ■ 

the numbei* of units in the length by the number of the. same units 

in the width. Suppose that the dimensions, of la rectangle are ' ^ 

3i inches and .lj= . inches . Since the measuring was . done to the 

• nearest i inch, the measurements can be^tateq as 3^ ± i and 

.4. . • ■ : ' \ 4 8 



ERIC 



2 - 



10-5. • ■ .r • 371 

Ijj ± g. This means that the length might be almost as small as 
inches and the width almost as small as l| Inches. The length , 

might be almost Sg .inches and the width a'lmost ll incheSfi 

Q ■ ^ ' \ 8 . 




Look at the drawing- to^'see what this, means.. The outside" lines 
show how the^ rectangle would- look if the dimensions were as large 
as .possible. The inner lines show how it would look if the length 

, and width were as small as possible, the. shaded part shows the 
difference between the largest possible area and the smallest 

, possible area with the given measurements, ^ 

To find these areas, we mtrltiply 3g x Ig .to find the smallest 

' . • 0^5 • 

possible area> and 3| x ll to find the largest possible area 



3| X 1^ 

3n X l] 



These results show that there is a difference of more than 1 
square inch in the'two possible aheas. ' - - ) 
• If we find the area by using the stated length and width, we 



find: \ ^ 



3r X 1 



13 7 



nil 
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However, since we have , seen that the area might be either larger or 
smaller tH^n this number of square inches, it would not be 'correct 
to give thW result in this' way, which, means (by our agreement ) that 
the area has beefTfouna to the nearest l6th of a square xlnch. The 

area could be as much as ^ square inches greater or -g^^squai^ 

^ / 11 Ul 

dnches les^ thgm 5^. Thus, it could be giv^^n as ± square 

inches. , . . ..... ^ . •;. ,■■ 

The statement of a rule- for multipli,cation of appro:iimate 

data in fractional form would be difficult. However, when data 

are e^ressed in decimal form, a rough guide can be employed for 

finding a .satisfactory product. The product of two numbers arising 

from approximation has as many significant digits a^ there are in 

the factor with the fewer significant digits. For^example: The 

area of the rectangle 10.4 cm.- by 4.7 cm, would be stated as 

49 ,sq. cm, 

10,4 ' ■ ■ 

"7^8 - ■ . 

■ •• 416 

The area is 49 sq. era. y 
If one of th^ two factors- contains more significant digits 
than the other, round off the factor which has more significant 
•digits so that it contains only one more significant digit than the 
other factor. 

If we wish to find the circumference of a circle with the 

m ■ 

diameter equal to 5.1 vie use fr« 3.14 as in the "above rule. 

Dl,vision i? defined by means of inultipllpatioi:i. TherelfSre it ^ 
is reasonable to f ollQw the^ procedui*es used , for multiplication in 
doing divisions involvin^approximate data. 

■ ■■ ■ p.. ^ • • , • 
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When a multiplication or division, involves an exact numljer as 
2 in the formula for the ctrciimfei»ence of a circle (C - ^r); 
the approximate n^ber always, has the smaller number of significant 
digits. We. ignore the exact number .in, determining the significant 
digits in the answer. \ ^ 

" • - Exercises 10-5 " ' 

1. Suppose a rectangle is 2^ inches. long and 1- ineh#s v?ide. Make 

2 ."■ 2 

a dmwing of the rectangle. Show on the drawing that the ' 
length is 2i ± f and the wid^h 1= ± f . Then find the 

largest area possible and the smallest area possible, and find 

' • ■ ' • ■ ■ ■ . ' ■ ■ ' ' ■ . ■ • ... 

the difference,, or uncet»tain jpart. Then find the area with the 

measured dimension, ^ndf find the result to the nearest i sqtiai^ 

inch. - ' * 

2. Multiply the following approximate numbers:- 
' (a) 4,1 X ;36.9 

(b)' 3,6 X 4673 ' * 
- (c) 3.76,x ($.9 X 10^) 

3. Divid^the following approximate numbers: 

'(a) 3.632 4- .83 ' . • • 

(b) 0.000344 -r 0.000301 . • ^ 

^. (c) (3.14 X 10^) ^ 8.006 

4. Find. the area of a rectangular field which is 835.5 rods long , 
and 305 rods wide, ^ * 

5. The circumference of a circle is statedvll--^ -rd, in which d ^ 
is the diameter of the^ circle. . If t is given as 3, 141593, 

find the circumferences of the following circles whose /dianjeters 
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(a) 3.5 in. 

(b) " 46.36 f 

(c) 6 miles. 




1/ 




6. A m&chine stamps out parts each weighing .625 lb. How much 
weight is thei^e to 75 of these pa2:*ts? 

7. Assunjing that water weighs 62.5 lb; per cu^* ft., what is the 
volume of 15,6lO lbs? ^ ~ 



8. (a) 





Givem m{Lk) « 22° 

. sin 220 - 0.3746 
AB - 34 ±0.5 ft. 
Find: BC 



Given-: mi /. £.)_ - 73° 

.tan 730 « 3.2709 
>^ ST « 67 i 0.5 ft. . 
Find: RT ■ ^ 



There are many rough rules for computing with approximate 
data but they have to be used with a great deal of common sense. 
They ,don<t work in all cases. The modern high speed computing 
machine which adds or multiplies thousands of numbers per second 
has to have special-^les applied to the data which are fed to. 
them. Errors- involved in rounding numbers add up or disappear in 
a very unpredictable fashion in these devices.* As a matter of 
fact "error theory" a^ applied . to computers is an .active field 
of resaarch today for mathematiciiuts. 



— ■ / •': ' >- ' - 

P E R M A T I 0 N S A N D C 0 M B I .N 'A T I 0 N S 

*^ U-1.. The Pascal Triangle , ' '• ^ 

Five girls form a club. Their name's are Ali^e, Betty; Cai?ol, 
Doris, and. Ellen; sometimes we shall call them byythelr initials; . 
A J B, C, D, E, The first order of business in the club is to* 
Choose a refreshment committee,. It is agreed that . the committee 
should have three members", ^ How many possibilities for the member- 

ship on the committee do you believe there are? 

> ' • ^ > ... 

One possibility wouie be a committee consisting of Betty, 

Carol, and Ellens.* We might abbrevia%e this possible committee by 
the symbol { B,C,E}. > \j 

^ "Class Discussion Exercise s 11-ia ' 

1. Another ^Jbssible membership list is Alice, Doris, Ellen. Write 
-the abbreviawd symbol for this case. 

2. Give the regular nakes of the girls ^in the committee [ B,E,A }. 

3. Does the 'committee {B,E,A } have the same raeifnber^ as the 
committee (fiiA.,B}? ' ' . v 

4. Give two other symbols,- each of which names the committee 
mentioned in Question 3. . 

5^^ Make a ,11st of all the possible committees. * • 

6,. How many committees "are in your list? 

7. Of how -many of these committees is Doris a member*? 

8. ' Compare the nmber of committees of which Betty is a member . \ 

and the number of those which include Doris. 

9. (Answer this (ijue'st ion without, doing any more .counting. } How 




- ^Ipany of the conjmittees do not include Alice? 
10. What is the ratio of the . number of committees including Ellen 



to the number of possible committee^? (Did you answer this , 
question without further counting?) 

11, How^raany conanittees hav6 both Alice and Carol as members? 
VJe may easily answer this last question without looking at 

* our list of all the possible committees. ¥e observe that 
since a committee {A,C,?} has two members specified, then 
there is' only ori^ vacancy to- be fille«|^. How many possible 
choices ai^ there for third member? 15ius three of the ten 
possible committees include both Carol and Alice. 

12, What" is the ratio of the number of possible committees 
•including both Betty and Ellen .to the- number ofi committees 
including Betty? 

V/henever three ^girls are chosen for a special purpose, such 
as membership on a committee, then the remaining, two girls have 
a^so been chosen — .chosen, in the sense that they will not serve 
on this particular committee. In other words, the selection of a 
committee, in effect, separates the club members into two groups. 
One method for selecting the membership of a committee is to 
decide which girls, will not serve. Pop example, if it is decided 
that a committee should not irjclude Carol and Doris,, thien we know 
"that the cjoramittee is {A,B,E}*, ' - 

13, Name the committee determined by the condition thai? Alice ^nd 
Ellen have been chosen to be not members. - 

14, Which two girls are picked as not being in {E,B,C}? 

The selection of a committee of three girls also means -a 

■ ■ ■ i' ' ■ , 
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.choice oC another cortimittee with two members, namely^ the other two 
of the five c^j^ gials. For example, the selectipn of {E,B,C) 
determines the two-member committee CA,D}» . 

15. Since there are ten possible committees with three meiAbers * 
each, how nany possible committees with two members each are 

• there? .. 

16. Since six of the possible three-girl committees, include Betty, 
hovj many* of tahe possible two-girl committees exclude Betty? 

17. How many of tpe possibly two-girl cocpittees intjlude Carol? 

18. ?*'ind the answer to Question I7, using the method of filling 
the vacancy\n CC,?0. ^ . 

Exercises 11- la 

1. ' From the club ' Ca,B,C,D,E}, One possible committee with^four 
f- members is {A,B^D,E}, ' " - 

(a); Make a list^of all the possible committees, each, with 
^ . four members, - , 

-v"' (b) How many girls in the club are excluded from a committee 
with four, members?' ' . . 

' {c) What relationship is there betvieeJ^ the. number of possible 
committees with four members each and the number of possi- 
ble committers with one girl each? 
f(d) Make a list o^ll the possible committees with one girl 
each, 

(e) How- many committees^ are there with all five girls as 
members? ' • 

2. A club has four members whom we may call K,L^M,N. 
, {.■' fa) How many, committees in this club have four members? 

.*^ 

■ * 
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. (b) How mans? possible comml.tt^es with one member each ai»e 
> .■ ■ . therel*- . - ^ ' 4 

(c) Name each of the one-member committiees, •• 

(d) -To each' one-member committee there corresponds, in a 

- *v . . natural- way, a , committee with three members, V/hat is 

• that natural way?'. ' ' . . 

(e) • Use parts (c) and (d) to make a list of the possible 

; committees with three members each. . . . 

\ ... , . 

(f) Ma^«e, a list of the possible cojomitt'ees with two mejnbers 
•. " .' .each. ; ■ : • , ■■■ : ' , . . ,^ * ■ 

3. '' (a) Make a list of all the possible committees, and note ho^ 
^' . • . -many comittees there are of each sise, in a club with 

. ' - three members* , .. • 

(b) Dp the same JTor a club with, two membdbrs, . • 

i ' ■ . * V ' ■ ■ ■ ' 

(ci Bo the same for'.a^lub with just one member, > 

4. A family would enjoy fach pf four vacation^spots, It is 
decided to choose twO of the .four and spend part of the . 
vacation time at each 6f the^-two. How many ptossible choices 
are there or the pair of vacation places? 

5. The reTrigei«toi' holds two cartons of ice cream,. The dairy 
./ ha« f ive ' flavors, and the family always likes to buy two 

difi*€*eht flavors. How many times can the family go to the 
dajl>i»y and bring home ,a different pair of flavors? 
LeC-iis.make a table showing the niimber of possible commltt|tgs 

with.-»/glven number of members^rom a club with a given number of 

■ / ■ •.■ 

m^xabers. This table, will summarize several of the results we have 
Obt«lne(|^^ problems* In a club w|fch five members^ there are 5 



: possible, committees with one member, 10 committees with two me 

bers, -rlO with three, 5 with four/ 1 with five'. The selection 

\ ■ • • ; •■ ■ I . ' 

of a committee which includes all five club members Tsometimes ' 

referred to as the "committee of the wholey means that there are # 

zero cli^B members not seping. Thus we may .balance, our table by 

saying that there is, 1 possible committee with zero members, (You 

■ • ; * . !■ - • ■ ■ 

may wish to comp&re this agreement with 'the remark that there is 

Just one empty, set.} • . • 

If we arrange our data according to increasing size of 
committees, yrd have 

, . ., ' ^- ■ 10 , ■ '10 ■ • 5 i , • 

Th^ six numbers tell us hplj many possible committees of various 

si^ses can be chosen from a club membership ■ of ^five, 

•■_/■■■ . , . . f .. , • • 

The "same type of data, for a club membership > of four, is the 

following, ^ ' . «L 

\ '1 4 6 ' 4 1 • 
Be sure that you understand the signific^ce of 'each of these 

fiye entries. * ^ ^ 

■ -■■ ■ . ' ■ ■ * . '» ■ • ■ 

dlass Diseussioa Exercises ll-.lb 
1* In particular, wha.t does the last 1 in the data 1.4.6.4.1 

m^n ? ^ ; ' . ' ' - 

"SlT^WhJir does th^ first 1' mean'^ 

3. - What is the corresponding "^ta f or . a^jlub membership of thre^? 
^. How" can you interpret the data 

. • - ■ ' l' 2 1? ■ ' •' ^ .. ■ ' 

' , . . ■ • ," - ^ • - 

5. What. data of this type, do we have for a club with only one ' ' 

■ ■ j< . ■ ^ ' 

.:• member?; . ^. ^ 
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Let us collect together into a table the data for the varXoiis 



aizes of club. Each iksw of the table shows the infoiroation for a 
'certai4[i size of club. * . " 

1' ■ 2 1 

■ 1 3 • 3 ..' vl ■-. ■ ■ 



I 



4. . . , 

I k ' 6 if i 



. 1 , 5 Ip IP 5 . 1 , - 
' Let us examine again the entry In the table telling hon' many 
^osalbl^ coisjnittees of three girls eaqh can be na|»a f rora the club 
fkfBtO,T>,E] whose mem\3ers'« regular hames are Alice, Betty, Ca;rol, 
Doris, Ellen. In Ijie 'table tfie_j[^ry is which Of the 10 »s? 

A committee of three may include Ellen or it may not. We wji^riN 

■. ^ ■ *• • ' . 
study these- two cases in more detail. - 

.6, How many possible coimnlttees with three members include Ellen? 
7I A committed inclti^ng Ellen is of the tyise ^ I! E, ?, ? }. ^ ^How many 
V, vacancies appear? Prom how many girls can t}\ese vacajicies be 

filled? , , ^ ' 

8- In view of .Question' 7, compare the answer to QTi^stion' 6 with 
the number of committees with two membe^ from^ club of four 

members. ' ^ 

.9. How ra^ny possible committees with three members exclude Ellen? 

10. A committee excluding' eilen is of the type {'?,?,?} where no 
blank may be filled *with E. How many vacancies a^^p^r? From, 
how many girls can these -vacancies be^,fiilled?/ ^ ^ 

11. In view of Question 10, the answer tbl^uestion 9 is the same as 
the number of commitifSes with • f how many?) members 
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^ from, a cliib pf (how many?) members. 

By encircling we show in the table below the three entries we 
been studying. 




The. entry 10 is, the sura of the two numbers, 6 and \ 
nearest it on the preceding line. 

■ > • ■ . .. ■ . ■ • ■ .■ • . ■ - 

''^ - Exercises H-lb ^ ^ 

1. Check that ("except for the entries 1) every entry in the table 
• is *the sum of the two numbers nearest it on the preceding line. 

2. • Explain why the entry 6 in the fourth line ought to be the 

sum of the two numbers, 3 and 3, above it. 
r3. Explain why the third entry in the third line (the right-hand 

3) ought to be tlie sixm df the numbers, 2 and 1, above it. 
The table we have been studying is a part of the array tar^own 
aar the Pascal triangle. (The French , mathematician Pascal, seven- 
teenth century, contributed to geometry and the theory of 
proWbilityj^) The table would resemble even more an equilateral 
triangle if we supplied a s&ef'tex at the top; ^is is sometimes done, 
but we shall not be concerned witti iti In our version of the 
Pasd^il triangle, 'the first; second, third,' fourth, fifth rows show 
the numbers of possible committees from a club -of one, two, tHree, 
J'our, five members respectively. Wha,t"do you expect for a club 



* * . . ... .... 

xith six members? The. Pascal triangle has a sixth row « which we 

have not yet fo\md. 

■5 .■- ■■ ■ ■ ■* ■ . ■ 

■ • ■ . . '■ 

^ ^ Class piscuss ion' Exercises ll-'lo 

.-....-^ — _ . 

' 1, What should he the left-hand entry in the sixth row? 

Pi*om a club with six members, how many possible epmiai^teej 
with one member each are there?; 

3, Is the second enti^ (from the left) in the sixth row the -sum 

. . • ■ • , ■ . • 

of the tHO numbers nearest it in the fifth row? , - 

4. Complete the sixth row, 

'■* ' ' ■ • ' ■ 

'•■ * ; • ■ Exercises 11-la ■ X' ' ' 

1. A cliib has six members, Alice, ^tty, Carol, Doris, Ellen, 
. " " Freda, ' • . ■ - ^ ■ ' 

(a) Some of the possible* committees with two members are 

. (A,B}, Ca,C}, tc,E),'' Make a list of all, fifteen of 
ii ' these • committees . (Writfi your list down the page, using 

■ fifteen rows.) • 

(b) Make a list of all the possible committees with four ^ 
members. Do this on the right-hand side of your answer 

' / to part (a), Jgeclfically, for each committee in the. list 
for part (ai, ^beside it write the committee whose four 
meinbers are excluded from the committee with two girls J 

.... " ^ ' - ' • 

• *As kn example, one line on . your answer sheet will bes 

' ' - ' . ■ ■ 

(e) After. you have wrlttep your. list of ccpnittees with four 
' members each, does the number of thesrvpossible cpnB^-tteies 
agrpe with the -numbe'r obtained from the fiftli row of the 



Pascal triangle?- (How this number obtained from the 
fifth row?) ' ^ . ■ 

td) . -Make a comp3.ete list of "4II possible committees w|th 
three members each. * 

' (e) Does the number of committees listed in part (d) agree 
with the number obtained from the fifth^row of the 
Pascal triangle? . " 

Find the seventh row of the I^scal tVian^le. 

Find the eighth row of the Pascal triangle. * > 

What are the first two entries (on the left) in the twenty- 
. third row, of the Pascal triangle? y ^ , 

What are the last t^o entries (on the right) in the fifty- * 

seventh row of# the Pascal' triangle? 

In the first row of the Pascal triangle the sum of the numbers 
is 1 + 1 \j^2. The sura of the numbers In the second row is 
1 + 2 + 1 - if . , ^ ^ " ' • 

(a) Find the sum of the numbers in each of the ^ird, fourth^ 
and fifth rgws. \ 

(b) " For each of these sums, find its complete factorization 

(as a product of primes). 

(c) Do you see any pattern in these successive sums? How 
is each of these sums r^ted to the aj:»eceding one? ' 

(d) Can you predict .the sum of the numbers in the sixth row? 

(e) Check your prediction by adding the numbers in the ^ixth 
row and comparing 1jhe s\uii with the predicted sum, (In . 

' pase they do not agree, what should you do?)/ 

(f) Use the pattern to predict the sum of the numbers in the 




seventh rowjf and then 'check by adding the numbers. 
/ (g) What do you believe is- the sum of the numbers in the 
tv?e If th row of the, Pascal triangle.? ; 
(h) How raahy entries are there in the two hundredth row of 

the Pascal triangle? What is the ^um of "^ali these numbers? 
Let us now study the third entity from the left in each, row 
'of the Pascal triangle. Of course the first row does 'not have a 
third entry. From then on, we have the'numbers 1, 3, 6,10,15,21, • • 
Do you see any pattern -in this list of numbers? > ' 

As you read this paragraph, keep, track of the mentioned num- 
bers from the Pascal triingie,' The entry 3 in the list 
1, 3, 6, 10, 15, • • • may be considered; the. sum of g and 1 f2?om the 
second' row of the table. The next entry 6, 'in the list is the 

■ * 

sum o^ two niimbers from the ihird- row, namely 3 (telling which 
row) and 3 (the "Sireceding entity in the list under study) . Since 
6 * 3 + 3 and Since 3 « 2 + 3^ we observe that 6 » 3 + 2 + 1. 
The fourth entry ,10, in our list is, from the table, the sum of 
k and 6; and 6 3 + 2 -f-^j thUB^O - 4 + 3+2 + 1, Check that 

the next entry in our list is 5 + 4 + 3 + 2 + 1. Explain why 15, 

' ■■ ■ ■ • ■ ' « ' ' ' , ■ 

the third entry in the .sixth row of the Pascal triangle, , should be 

the same as 5 + ^4- 3 + 2 + .1, Explain the number 21 as the 

'third entr^ in the seventh row, • 

Class Discussion Exercises ll»ld 

1, In which row is thj number 9 + 8 + 7 + 6 + 5 + 4 + 3+2 +1. 
the third entry? 

2. Give, a name for the third entry Hi the sixteenth row, 

.3« Give a name for the next to the next to the /ast intry in 



the ninetieth row, 

A sum such as 15 + 14 + 13 + + 3 + 2 +1 Is the same as • 

1 + 2 + 3 + + 13 + 14 + 15. . Twice this sum is ' 

. .- - •• * . 1 

16 + 16> .16 + + 16 + 16 + 16. Why? . 
5.. How many l6«s are indicated in the last <iuestion? What is - 
their Slim? . ' ' - 

• . ■ . ■ • # . - 

6. What is a simple name for the number I5 + li^ + + 2 + 1?, 

7. ' What is #fche best name for the number in Question 2? 



Exercises' 11^ Id 



1. How many possible committees with two members each can be 
chosen from a club with 30 members? " ; ; 

2. Let n be a counting number greater than 2. Then in the 
n''" row of the Pascal triangle the third entry is the sura ■ 
of all the smaller counting numbers, namely the sum of n - i, 

n - 2, and • so .forth, as far as 2, and finally 1. In symbols 
this sum is (n - 1) ^ (n - 2) + (n - 3) + + 3 ^2 + 1. 

(a) How many numbers are added together? ^ 

(b) The sum can also be expressed by 1 + 

(finish the expressly by filling the blank, in accordance 
with the illustrative example). 

(c) Twice the sum is n + ' • 



. .. (finish the expression), • 

(d) Hov^ raahy numbers are added in part (c)? ■' ^ 

(e) What is their sum? 

- • 

/ (f) What is a simple hame for the third entry in the n^!^ 
row of the Pascal triangle? 
3. Fifteen points lie in a plane. No three of -the points -lie on 

t * ' _ ■ . . *■ ■ ' , 

■ ' ■ f 
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one rine. How many lines " are jSetennined by these points? 

""{a} - What is the greatest cpimon fa^ ' , 

(excluding the ,l*s at the ;ends) in the jeventh^rcfw of ^^^^ 

the Pascal triangle^? . . . - 
(b} "SamjB question, for thte fifth row: — ; . . 
(c) Same question, for the third row. 
,(d) .What principle do you believe is illustrated in* the 

preceding parts of this problem? 

(e) Can you test your belief in later rows of the Pascal 
triangle? How? - . . 

(f) Perhaps ^our first guess cohceirting the principle is not 

- verified by further testing. If tl^is occux»s in your case, 
can you modify your belief and find the correct* principle? 
. 131© ^ots in the following designs are arranged in equilateral 
triangular fashion. 

ta) ■ How vfflany dots are there in each design shown? 

(b) How are the numbers in.- the answer^ to i>art (a) related/ to 
- the Pascal. triangle? . ' ' . ' '/ 

(c) If more djesigpis o3 the same, type and of successively 
larger * size ^<!^^71!rawn, how many dots would be in the 
eightieth diagramr 

(d) How many dots in the thousandth diagram? 
(e-) In what spoilt is the fourth diagr^ used? 



11-2. Permutations" 
Suppose that the club who^e* f l\re members are Al^.ce,, Betti?, 
Carol, Doris, -and Ellen dlt^oses ar^g^executlve committee to conduct 
the business. The executive committee. has three members and is. 
.composed of Betty, Doris, and Ellen, These three girls, in a 
meeting of the committee, decide that .they should' assign responsi- 
bilities. One should be chairman, another be secretary, and the 
thiz^3. be treasurer for the club. In how many ways do you believe 
these jobs can be given- to the three- girls? ' 

, • Class Discussion Exercises ll-2a 

1. If Doris is chosen chaiman, in how mainy -different ways can 
the other two jobs be distributed bet\*een Betty and Ellen? . 

2. " List each these ways in detail, by telling which each 
* girl would have, , *^ 

3. If Ellen is chosen* chairman, in how many different ways can' 
the other girls be given jobs? . 

4. * How many different ways can the three offices fee assigned to 

"the three girls if Betty is chairman? 

5. How many \different ways can tlie three offices be assigned tb 
the "three girls? . 

■ * ■• . «. . 

Exercises ll"2a . 

■1, A" club has eight members whose initials are A,B,C,D,E,P,G,H. 

An exe^tlve committee Ca,F,B } separates its jobs among its 

members. One possible way is/ 

'Chairman ^ A, Secretary ' , Treasurer 5*. 

■ , • ■ ■ * ^ ■ 

■ (a) Make a list of all possible .ways of assigning these three 



Jobs to the three membex^ of the committee so' that eath 
• person has a job. 

(b) Hdw laany ways are there? 

(c) Does the factorization 3-2 give a clue concerning th^^ 
why of the answer to part (b)? 

The executive committee of a large club is lA,M,T,yj^ ' The 

committee decides to assign jobs to its members i the offices 

^ ■ ■ ' ■ ■ ' - 

are president f secretary, treasurer, sergeant-at-^rms, 

(a) If M is sergeant-at-arms, how meuiy Jobs and how many, 
people are not yet matched? 

(b) If M. is sergeant-at-arms, in how many ways caz^ the 
other Jobs be assigned? + 

(c) If Y is sergeaht-at-anas, in how many ways can the . 
other Jobs be assigned^ 

(d) In how many ways can the officei^Jse chosen if 
sergeant-a t-anns ? 

(e) How 'many possible choices are there for the serg^ant-at- 
arms? ' . '' .*■" 

*(f) How many possible choices are there for giving each 
committee member one Job? 

(g) Comply the answer to part (f ) with four times -the . 
answer to Problem 1 (b) , 

(h) Eicpiain why the factor 4 appears in part (^g), 

(1) In vi6w of Problem 1 (t), does the factorization 4- 3*2 
give a clue to the why of the answe? to Problej|2 (f)? 
Three boys, Ron, Sam, Ted, will participate, one after another 
in a contest. 




♦ r . . . ■ ' ■ . 

(a) One j^ssible order of perfomance is as 'follawsr 

first Sam, second Ron, third Ted* - Make a list of all the 
possible orders of perfomance. : ' 

(b) How many Items are in yo^ list? . . ^ 
(cj One way to make the ^±Bt requested in part (a) is to fix 

attention on the positions and tabulate how the boys can 
be fitted in. Such a table might begin: 

First Second Third 
Sam Ron Ted: 

Sam ' t Ted Ron , • 

(and so' on) 

Can you finish the table to show all possibilities? 

f * ■ 

(d) "Another way is to fix attention on the boys and tabulate 



table might begin: 



^hich position will to each boy. Such a 



Ron Sam Ted 

first third second 
second third , first 
(and so on) 

How. would you finish. this table? , . . 
(e) If you make such a list as is suggested in parts (a) or 

(c) or (d), do you understand why < the answer to part (b) 

is the same as 3*2? ' ; . 

Many people are asked in a poll to exj^ss their preferences . 
concerning potatoes: among the alternatives of baked pota^o^ 
mashed potatoes, fj?ench fried potatoes, wi^ich do they like 
best, which next best, which least. How mai^iy different 
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orderings of preference are possible? 
5« Pour different presents are given tp four children. In how ' 
many different ways can the gifts be distributed among the 
children? ■ 

6. A stenographer has four envelopes addressed to Adams, Brovn, 
Clark, Davis respectively. She has four letters written to 
these fotir men. She puts one letter in each envelope. In how 
many ways can she do this so. that one or 'more letters are 
placed in the wrong envelopes? ^ ^ ' 

7. Five horses are to be assigned positions aK,the post in a race. 
•In how many ways is it possible to distribute the horses among 

the first, second, €hird, fourth, fifth positions? 

8. A salesman works five days^ during the week. He has customers 
• " in five cities. He sp5ends one day each week in each city^. 

^ . Sincere does not enjoy routine in his timveling, he likes to 
match the weekdays with the cities in as many ways as possible. 
; How many weeks can he ^ork without being obliged to repeat ^ny 
day- city njatching in his travels? ' 
The matching of three girls in a club with three offices can 
be done in any Of 6 wfiiys.;;*'^h€r>^tchlng of four letters with four 
.envelopes can be done in any", of 2^^ ways. The assignment- of ' 
first, second, third, fourth, fifth positions at the post to five 
racers can be done in any of 120 ways.%- In each of these cases 
we have a set of objects (s^t of . three girls, ' or set of five 
racers);' we can arrange the members Of the set in an ordered 
fashion (bhairman, treasurer^, secretary! or firs t,^ second/ third, ^ 
fourth, fifth) . We inquire in how nany wa^s the arranging can be 
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done. Whenever we have a set wMch can be counted>^an arrangement 
of its meuibers in a certain order^ay be calle<f ^ peWitation * 
of the set. In several recwit problems we have been asking how 
many permutations a' certain set' -has. 

In the previous ^ercises you studied several sets with thre^ 
members and found that each of them has 6^ permutations. Each of 
the sets with four members which you studi€\has. 24 permutations* 

> . ' * ' < , ■ ■ ■ , 

For five members the number of permutations is 120. 

In the case of three members, you discovered that/the number 
of permutations, six, has the factorissation 6 « 3*2. For four 
members, we werel interested in the factorization 24 - 4»3*2. 
For five membe^js, we observed that 120 - 5'4'3'2. Now 3*2, which 
is the same as 3* 2* 1,^8 the product of all countl^ng numbers as 
far as • 3. The number 24^^ which is^ 4' 3' 2*1, is the- product of 
all counting numbers as far as 4. 

This type of ^product occurs so f requently in mathematicsrtfiat 
a special. description for it is convenient. If k is a count^iig 
number, the product of all the counting numbers iip to and including 

is called the factorial of k. This product (\in the United : 
States} is commonly represented by the symbol le^l (pronounced, 
»• k factorial"). ■ ' \ 

♦ ■ : \ ^ 

As an example, 51 .is the product of the cotinting rcu|ttbers as" 

■ '■ \ ■ .. 

far as fSi that is, 51" . is the product of 1,2, 3,(4, and 5j or 

5i « l*2'3-4'5 - 120. As another example,?! « 1'2«3'4«5'6'7 « 5040. 

Check for yoursi^ that *8J « 40320, We agree that II « 1, 

Olass Discussion Exercises 11^2b 
1. Observe that 51 « (l*2*3'4)*5. Express -51 In terms of 41. 



2 < Show how * k i , is >e lated to 31 
.a** How Is SI related to 
4.- How is kZ.Sl' related to #35J? 
a. '^ How. is' 8if^29 related to 8428? How is .84291 related to 
' 8lf28r? • 



■ How is k + 1 related to k? How is - (k + l)! related>^t;o kl? 

. '^^ havfe seen that for certltin sets with a few elements, the • 
number Of pfermutations of a set wdLth k members is kj Can you 
use *'the 'same 'type -of approach arid convince* yourself of the 
following? s . * 

- ^ . ' ■ \ 

^Property,!. If Jc ■ is accounting -miiiber;S^ the number- of 
peWiutations of any set With k members is k|. 

. • - , . Exercises lln2^ 

1. ^ 'Use the f^^ctorial notation to write 1'2'3. 

2. .-^ind 6|. , . ' ^ ^ • ' r '-J ■ 

■ . ■ ■ ' ^ / . ■ ' ■. ' ■ * • ■ ' ' ■■ 

3. , Pin4 the q(iot^ent of. .14 1 .by • 131 (without performing any 

. multiplications.). . 
4.. Show, without performing any multiplications'i that 6| 'is the. 
.product of 6, 5, and 4J, 



5. The f actori al 10 is the -product of 10 and 9 and 
another factor. Give a new name for this third factor. 



6, Show that ,62J is the same as 62'* 6l -60 1. 

7. How many different batting orders are possible for a baseball 

■' " - / .'■*■',.•'■' 

. , team of nine ^players? ^: , 

In a racing boat there are 8 seats, one behind another* In 

■ how many ways can the 8 mepbers of a university crew take 

. . ' ■ - ' • ' . ■ * ■ '■ ■ 

these seati? . . • • - 
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9» How ikny permutations ^re there of the letters of the ward* - " 
; "scholar" ? 4 

10. If one 'of( the^ players on a baseball team always pitches. In 
. how many wa^^a cjan the players be distributed 4mon$ th# playing 
pos^io^? J 

If you wish to buy a sun^Jae at a certain^ dairy, you may choose 
flavors of> ice cream and Select the satfce. ••. We "may abbrev^te' the 
f lavors by ,S, V (chocolate, strawber3?y,- vanilla) and. the ' 
toppings by "R, N (marshmallow, nut) . A jnarshmallow sundae on 

chocolate ice. crdam may. be described by the pair (C,M) , 

■ . , ■ , ^ - ■ : .. : ■ ■ . , 

. , Class PisCTfei^iojt Ixercises ll«.2c 

" ~ ■ ■ ' 

1. What kind of sundae is described by -the pair' { V.N)? 

2. Make a list of all the passible pairs, • . • 

3. How many pair§ are there? , ' ;^ ^ 

4. Hpwsiaany choices aij^here^ fpr the left member of a pair? ' 

5. How many choices are there for the right member of a pair?" 

6. What is the rel^ionship, among the answiers to Questions ^,4,5?- 

7. If -there were five flavors of ice-cream instead of three, how • 
• ' many kinds of sundaes would be possible? 

8^ If there were four flavors of ice cream and three kinds df 
syrup, how many kinds -of sundaes would be possible? 
Suppose there are four packages in a grab-bag; we may call 
them. A, B, C, D. Yd^^are to choose one, give it to your friend, 
choose another, keep it for yourself ... What possibilities are ther^ 
We may,us5/the pair (A,C) to represent the possibility that • 
package A is chbsent for your friend and package C for you. 
The symbol (C,A) indicates that your friend is given G and 



^ ■■■■ : ■ ' ■ : ■ • ^ ■ ■ - . - V . 

you keep A# 

9.' What does the- symbol (B,A) mean? 

10. Eacplain why (B,D) and (.0,B) are different in meaning. 

11. Why dots the symbol (C,C) have no meaning at a li in this 
discussion? 

12. Mai0& a list of all the poesible pairs. 

13. Hovi many pairs are there? ' * * ^ ^ 
Ik . How many choices are tnere for the left member of a pair? 

15, , How "many choices are there for^ the right member of a pair? 

16, If the left member, of a pair Is known, how many choices are 
there for the right member of the pair? 

17, Doee the answer to Question 16 depend on which package is 
represented by the left" member of the pair? 

18, What is the relationship among the answers to Questions 13, 
lU, 16? 

19. . Is the relationship among the answers to Questions 13, 14, l6 
a much simpler one than any relationship among the answers to 
Questions 13, 1^^, 15? ' , " ■ ■ 

Our last two illustrations provide examples of. Property 2, 
which we will soon state. In. both illustrations we, found that- the 
total number of pairs can be computed as a product. When there 
are many pairs, this method of finding how many is often better 
.thaj[i counting the pairs individually. In eaeh-^itistration; one 
factor of the product is the number of possible left members^n 
the various pairs. The other factor tells the nt^ber of pairs 
which have a given left member.. • 

In general, if the hAmber of possible left membei»s is r and 



ERIC 



2\[) 



If each of these occurs In s pairs, then the total number of 
pairs is ^'s. In the example concerning sundaes, r « 3 and 
8 - 2, " and the ntimber of kinds of sundaes is r*a « 3*2 « 6. In 
the grab-bag example, vmk and s - 3, and the number ^of pairs 
is ^'3 -12. We now state our result in words. 

Property 2 . Suppose that in a set of pairs each possible 
left member appears in the same number of pairs as every othei* 
left member. Then the total numbed of pairs is the product of the 
number of possible left members and the number of pairs which have 
a given left u^mber, . % 



Exercises 11^2c 



J.* A boy has seven- shirts and four pairs of trousers. How many 
^ different costun^s does he have? 



2. A baseball team has' five pitchers and three catchers. Hovi*^ 
many batteries (consisting of a ^itbher and a catcher) are 
possible? 

3. If the first two call letters of a television station must be 
KT, how many diffei^ent calls of four letters are- possible?" 

4. A disc jockey has 50 rec^s in his collection. He Viants 

• to make a program of two different songs. How rainy possible 
programs are there? / ' *' t 

5. A signalraan^hass^5c^lags. The emblems on the various flags 
are a stripe, a dot, a triangle, a rectangle, a bar, and a', 
circle. By showing two- different flags, one aft^r the other, 
the signalman can send a signal. How many different signals 
ar6 possible? . , 
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♦6. Consider the set of ©ine -nuinbers i,2,3,4,5*6,7|8, 9. 

(a) How many (orderea) pairs of differenf^ numbers chosen 
f roa this set are there?^ ' ^ / , 

> (b) h6w many (ordered) pairs of numbers chosen from this 

set have the piroperty that the memisers of the pair 

■ ■■• > ' ■ - , - ■ 

^ 'differ by two or more? - v 

property that the right member of the^palr is less than 
the left, member^ 
(d)^ Answer' each of the partis (a), (b)^ (c) in the case 

where the^iven set of nurab,ers includes all the whole 
nurabecs f rom 0 to 27 inclusive. 



Mwe often extend Property 2 to triiple^, A set of five flags 
has one each. of the colors, black, green, i^d, white, yellowj we 
use the symbols B,G,R,W,Y. Three f laga are to be hoisted, one 
above another, on the Bame mast. 'Each arraiigement is a signal to 
a distant observer. ^The triple (G,.Y,B) mean^-that the green 
flag is at the top of the pole, the yellow fi^g in the middle, and 
the black flag is the lowest. " . 

Class Die cussion Exercises ll-2d 

1. Explain the distinctioft among the triples (B,W,R), (]J,W,B), 
and (W,R,B), ^ 

2. How many choices (from the five initial letters representing 
flags) are there for the left member of a triple? 

3. How many choicjBs are there for the middle member, of a triple? 
k\ if the leift member is known, how many choices are thei^ for 



•• xi^ ... 

..■,•■„• - . , ■ • . ; _ ■ 3< 

the mitSdle member of the triple? • 

5. Use Property 2 to find hdvf many choices there are for the 
. ,tO£^£air. of positions on the flagpole. 

6. How many. choices are there for the^ right member of the triple? 
J, If the first tvtfo members of a triple are known, how many 

^^^choioes are there for the right member of the triple? 

8. Does the answer to Question J depend upon which two fla^ are 
represented by the f i3*st two members of the triple? 

9. - Can you use Property 2 again to find how many possible triples 

there are? 

IX). How many different signals can be sent by hoisting thrfee flags 
as described? 

_^The example we have Just studied illustrates the notion of 
the number of permutatlDns" of a set of 5! objects ta<en 3\at a 
time. Let n and he counting numbers such that r<n. If a 
set of objects is given, a selection of r of the ^Jects 
together with an arrangement of those r objects in an ordered.* 
fashion is called a ^rmutation bf the n objects taken r at a 
time . . * 

T-he steps in the last illustration serve as a model for. us 
in developing a formula for the number of permutations of n 
objects taken r at a time. As you study the next two paragraphs, 
keep in jnind the answer to Question 9 in the last illustration. 
The answer is the same as 5«^*3i the first factor is five, five 
is the number of objects (flags), each succeeding factor is one- 
less than the factor before, the number of factors is three, three 
is the number of objects taken (number of f lAgs in a triple). Now 
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turn %o the generftl aituatlon In which we arrange r objects 
chosen from n objects altogether, 

Hhere are n possible choices for the first position in tl 
ordaa^tng. . For each such choice there remain n - 1' objects not 
yet selected, ajjd consequently there are, at this stage/ n - 1 * 
possible choices, for the second position in the ordering. 
According t.o Property 2, the number of choices for the first two 
positions together is rpte - l). For each of these, there are 
n - 2 possibilities for the third position. According to . 
Property 2, there are n(n - l)"(n -- 2) possibilities for the 
first three positions together. ' 

We continue in this fashion until the final stage. At that 
stage, r w i objects have been selected (Why?)i n - r + 1 objects 
remain not yet selected (Why?) . The number of j>ermutations of 
n objects taken r at a time is n(n - l)(n - 2.)'>^(n - r + l)* 

As an illustration, in the discussion of the flag triples, 
n • 5 and r - 3, consequently n-r+l»5-3+l-3 and 
i(n - l)(n - 2)"'*(n ^ r + 1) « 5-^»3 « 60. ' 

■ Note that the symbol .n(n - l)(n - 2)*"(n - r + l) rB^ 
presents the product of all the counting numbers between n - r + 3 
and n inclusively. Thus when n « 5 and n - r + 1 • 3, the 
factors of the product are all the coxintlng nurabei»s between 3 
and *5 inclusivei that is, the .factors are .3,4,5. 

The number of permutations of a set of n objects taken r 

at a time is frequently indicated by the symbol P i Uslrig 

n, r T 

this notation, we have Just found that P^ ^ " Check for 

yourself that Pg g - 30. 
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Exercises ll'-Sd 

■ ' • . • 

1. Find P., * 

. ' : ■ . . 

2. Write the symbol for the number of permutations of 27 objects 
taken 19 at a time. • 

■ ■ ' " ■ ^. ■ • *. ■ 

3. Write the numb er 1*20,6 ift-exp^«5e«3 form (but do not multiply). 

^. Write the new symbol which represents thevpisjduct 

5. (a) Write the number P_. _ *in expanded fom (but do not 
multiply), 

(b) Write the product of P^^g^^ and 91 in expanded form 
(but do not multiply)* ^ 

(c) What convenient name do we have for the product in 

. , part (b)? . 

\ (d) In part (b), how can the numbers 12 and 3 be combined 
to yield 9? * - 

(e) Express ^22,3 *® ^® quotient of two numbers, each 
of which is a factorial, ' ^\ 

^ *6. (a) Write the niimber P^^ ^ in expanded form (but do nbt 
multiply) . ' ' • ' • 

(b) Write the product of P^^ ^ and l6| in expanded form 
(but do not multiply). 

* ■ 

(c) Wha|j convenient name do we have for the product in 
/ part (b)? ^ ' 

(d) In part (b), how c^ the numbers, 20 and K be combined 
• to yield 16? 

(e) Express P^q ^ as the quotient of two numbers, each of 
which is a factorial. 



*7. (a) Wrl^te the number ^Pj^ ^ as a pinxiuct, 

(b) Use the clues In Problems 5(d) and 6(d) and select a 

^ • ■■ ■ . • . . *• 

certain factorial. 

(c) What is the pro^udt of ^ and the number you chose 
in part (b)? c^se tl^e cl&es in Problems 5(0) and 6(c), 
if necessary.) 

(d) Express J. as a quotient of two ntimbers,^ each of 
which is a factorial. 

8».. (a) A man has a combination lock with 3Q numbers on the 

dial. He has forgotten the combination but he remembers 

that the first |/um is toward ^the^right and that three 
■ '• * • / 

<iifferent numbers (in a particular order) are required 

■■ ■ ' ■ .7' . '■ • . -. 

to open the fock. How many possible trials may be 

necessary t^ open the lock? 

(b) A man has combination lock with 50 numbers on the / 

" • ^ ' . ■ " - . 

dial. has forgotten evei^hing about the combination 
except that there are three . niambers (in order) required. 
How many possible trials may be. necessary to ppen the 
lock? . - . 

9, A telephone tfial has a finger hole for each of the ten digits, 
^a). How many telephone numbers, each with jf ive digits, are 

possible? ' , ^ 

(b) How many telephone nximbers, each with five digits but 
with no digit repeated, are possible? . . 

10, Five players on a fobtball squad can play either left end or 

« ■ ■ ' .' 

right end^^ In how many ways may the coach choose the two ends 

■ C ■ ■ • ■ ■ ■ i 

for the. oj^ning lineup? 

' t i 

■ • ..- • 2r,r, i 
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♦n. Suppose we want to send messages In a code. We use certain 
symbols, say n of them. (The symbols might be letters or 
flags or sounds or desdLgns or any other type of symbols) 
Each message is composed of four different symbols, arranged 
in order. 'IThe number of possible messages which we may wish 
to. send is. 1600. What is the smallest number that d can 
. be- in order to meet th^ requirements? 

: ■ ■ 1.- • / . - ' ■ ■ 

^11-3. Combinations 
Whenever we have beeflNCising the word "permutation", we have 
been concerned, not only with the elements, but also ,with. the 
arrangement or the ordering of the elements. At the beginning of 
this unit we discussed committees in a club. In a conanittee such 
as we studied, the members are not arranged or ordered in'any 
mam^er. The choosing of a committee from a club ia an illustration, 
of a combination. A coinbination o^ a certain^ set of n ob;}ects 
taken r at a time is a selection of r members from the set with 
no relgard to ordering the chosen members. We are here letting n 
be a counting number and r be' a whole ntujiber no greater than- n. 
The nuAber qf comb^r^tions ^ a set of n objects taken r at a 
tin^ is often rep^sente^by the symbol ("). In this unit you may 
read this symbol by saying: "the number of c^ombinations of n 
things , r at a tir^"; sometimes we may pronounce it simply "n, r"; 
in a later unit ypu may find another way in which the symbol can* be 
read. ' - ' 

— ^ * - — 

The entries in the Pascal triangle are \^lues of {^). 
For example, from the fifth row of the pascal triangle we find 
(reiadihg from the left) that 



s - • ■ 

You will want to note that the new symbol vre have introduced 
. ■ ■ ■ ■ / ■ . ' , 

can be easily idistinguished f i^m a fractional symbol, betjause the 

new symbol has jio bar between the two numbers, 

• Eyercises ll>-'3a 

s 1. Write the special symbol for each or the following: 

(a) the num'ber of combinations of 12 objects taken 7 at a 

timej ^ : ■ \ ' 

■ - - . \" ■ * ■ 

(b) the number of permutations of 12 objects taken --7 at a 

, • timei . \ \ ^ ' ' ' 

' (c) the number of combinations of m things taken 3 at a 

^ : ^' ' ■ -■ time;. "i ' " ■ 

(d) the number of combinations of n + 2 objects taken k 
* at a. time, 

2, Iitead each of the following symbols: (o) J 

. 52" (if)' '^9,7' ' Iv ' •. . 

3. 



Use 


the Pascal 


triangle 


M 






(b) 




(I) ■' 


( o) 


(3) 




(d) 


{l) and 


(1); 


(?) 


(I) 


(i) 



•^t. (&) Suppose that a and * b Are jbwo counting nurabei»s and let 

8 be the aum a + b. Does Problem 3 give you a clue 
• ■ concerning an. ioportaht re l^tionahip between and 

. (b) If so, what is the -pelatiohshlji? . : " 

(<s) Can you use some ideas i^^ Section I to convince yourself 

•» that this relationship is true in every case? 

5. (a) Find each; (J), (1)/ {|) , , . . 

(b) What general notion, do these examples illustrate? 
6; (a) Plna each: 0, /JT) . i^. ' / ' 

. M Wiat general notion do these examples illustrate? 
7. Show that if n is a counting number diffe^nt from one^ 
then («). «iiii^Z-iL , ■ 

Suppose that a club of seven menibers picks three officers. 
With the aid o^he Pascal triangle, we learned that the number of 
these possible executive committees is 35, This number 35 we 
may now call . By Pijopert^ 1 we learned that the three^ff ices 

may be matched with the three officers in 6 ways. !mis number 6 
^wft observed is 31. We may apply Property 2 and find that 35*6 ' 
•is. the number of possible officer assignments. This kiMber -35*6- 

u , Q (3i). V- 

On the other hand we* may apply Property 2 (extended) to find 
tkat the number of choices of three memberi^, arranged by. office, 
from the club of seven members is 7.6-5, namely 210. This 
numSer 210 is P^ • * - 

Both viewpoints yield the same count, of course. We see that 



11) (3J) o • same type of ai^guniant shows, that, for any 

twLO counting numbezjs p an^ if r < n, then , 



Consequently, 



vr/ T»! 



Since ' P„ - n(n - l)"*(n - r + 1), ; we obtain 



/n\. . n(n l){n ^ 2)" 'in - r; 4- l) 

. r! . - 




In this fraction, the number of factors in the niimerator is jp, 
he saiiie as the number of factors in the denominator. 

. Exercises lX^3b 



1. Ten men are qualified to run a machine that requires , three 

■ ' ■ ' - * 
operators at a tiiM. How many different crews of three are. 

, possible? ' ' " 

2. k disc Jockey has a set of 15 records. Each night he selects 
, 5 records to make a program. How miany nights can he do this 

without repeating any program?* Disregard the order in which 
the individual records occur within a prog^sim. (You dO not 
.need to perform any multiplldationa, but may leave your answer 
in whatever symbols you think are convenient,) 9 

3. Eight points are given in space, and. no four, of them lie in the 
same plane. (Remember that any three of them determine a plane.) 
Ifow many different planes are' determine^d by the eight points? 

k. On a certain railway there are" 12 stations. How many /different 
kinds of tickets should be printed to provide tickets between 



any tmo stations, ^ 

(a) in case the same ticket is good in either direction/ '[ - 

(b) in case different tickets are needed for each direction? 

A man has six bilis, one ^ch of the amoimts Jl, '/s/ ,^io, 
^0, /50, 1^100. How many different' sums of money may be 
foxmd by using one or more of these six bills together? 
A restaurant has prepared 4 kinds of meat, I kinds of - 
salad, and 3 kinds of vegetable. A platter consists of a 
meat, a salad, 'and vegetable. How many different kinds of 
platters are possible? / , 

There are eigh^ teams in a. baseball league.. During, the seasbn 
each team plays every other team five times. How many games 
are played in the league altogether during .one season*?* 
Nine boys and eight girls attend *a party. Each dance there 
a|« eight couples on the floor and one boy sitting out; each 
dance^asts five minutes. Suppose t^t the party continues 
until every possible matching o^he bijykand girls in a* dance 
has occurred. How ^ny- hours has the parly lasted? 
Either one or two of a .string of eight Cl/ristmas tr^e lights 
wired in series are burned out. Suppose you have two good 
bulbs and suppose you try, first one ft a time, €hen^two at 
a time, to locate the burned out bulb (or bulbs). How many 
trials might it be necessary for you to make in order to find 
the bul6 (or bulbs) that need replacement? 
A girl, has faur ski^s, si« blouses, and three pairs of shoes 
How many weeks can pass while she wears a different costume 
^ very day? 
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11; In the game of bridge, a hand consists of 13 cards frbin' the 
playing deck of 32^ cards. The nximber- of possible bridge 
- hands is 635*013/559,600, Write this nunjb^r, using a 
special. s^bol you have studied in this unit. 

12*. A sa^esioan has customers in eight cities away from home. He 

t wishes to plan a travel iK>ute which will take him to each of 

J • ■ . 

the pight cities in turn and aft^erwards back to his home. How 



/ many possible r9ute3 are there?' 

♦Is. Use^ Problem 7(d) froraiExercJses 11-^d and show that 

/n\_ > ni ^ _ 
,* \r/ r! 4n>- r)l 
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♦ UNIT 12 

P R 0 B A B I LIT Y ' 

12-1. Chance Events 
This unit will deal with chance events, that iSj events which 

* * , * ■ 

may' ogcur when experiments are perf qrmed whose outcomes are lincer- 
tain. For- exanip3S5, a weatherman makes a forecast of the future 
weather, but he cannot influence the forces of nature!^ His fore- 
cast, "Rain" is more accurately, a probability statement * "it will 
probablx rain.'? Similarly, ^j^ou may predict tljat "The Pink Shirts 
will win the pennant," but what you mean to s^ is "It is likely 
tha|: the. Pink Shi;«ts will win the pennant." An honest gambler may 
know the "odds", and tise this knowledge to win, but he cannoi 
resort to magic tricks by influencing the outcome and remain 
honest. x 



Some examples of games of chance will be used to help you 
understand what probability means.. Such^games give us excep^n|; 
mathematicaX-fSOdels for use in study ii^ |h^|^SyOf *pr6^ab 
The 'examples are not used yflt^^^^^^^at gambZing is to be 



encouraged. Rather, tl^;ij?|jffiit?yS this/unit should help you 



begin to under^tojil^!',^ "mosr*S^blers die broHe." 

Prob^^l^C^^ hasymany p|»actical ^ses : .. federal at^' sta^^^ , v 
gov^^^l use,,?^^ up l?u<s)bt requirements; military 

ih making decisions on defense tactics; scientists 




use 1^ ^ ''^^ ^ l i i^ ^Mi^ ' ; insurance companies use it in 



setting up life exp^lilito^t.^bies; weather forecasting was men- 
tloned earlier; and there are other uses t6<#^liumejfN?^S: 



here . 

In Sectiori 1 .we shall study spme ideas ab.out statements involv- 
ing chance events, like "The Green Sox will win," or^ "Sandlot will 
win the race ,^" or "if 1 to*ss a coin and allow it to fall freely, -it 
will sliow heads.". A statement is a -collection of words or symbols. • 
vMch. is e'ither "true or false, (but naturally not both.) If a state- 
ment which predicts a future event turns out to be correct, V7e will 

■ ■ ' . If 

call it a "true statement." When it does not turn out to be cor- 
rect, we will call it^a "false statement." In this section we will 
concern ourselves with the "measure of chance" that a statement pre- 
dicting a future event is tiniei This measure of chance is also 
called the probability of the statement. 

The measure of chance, or probability, is sometimes easier to. 
understand if we use a mathematical model where w^ can count the 
possible outcomes.. For example, the game^of tossing a coin, com- 
monly . called "heads or tail-s" can be used as a model. If ,we toss a 
coin and allow it to*fall freely, either a head will show or a tall . 
will show. 'We assume the coin is not weighted. Such a perfectly 
balanced c«in is sometimes called an "honest coin." 

Consider the statement,. " / 

"If we toss a coin and allow it to fall freely , it will 6how / 

heads." 

The table below shows the number of possible outcomes: 
, ■ • Possible Outcomes Truth Value of the Statement 

Heads T . 

. ■ \ . Tails 'P 

If the outcome is heads, then the statement is true, and we have 
indicated tliis by writing "T"""in the truth value coluinn. On the 
o^her hand, if the outcome Is tails, then the statement is false, 
anQ its truth value .is represented by 'the initial letter "P". • 

... The table above is called a "truth table."'. A truth tabl^^N^c^^^^i,-- 
statement lists all the possible outcomes^ of tM- e^t'^feriment ^refeJr^d 
to by the statement. 3ince ouk* coin is balanced, we believe that, . 
in this situat^n, the chance pT the statement being true is one out 
of two^ • 
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In pi»obability it la.,^eful to use a number to indicate the 
measure of chance that a statement is true. The measure of chance 
■for 'the above statement is Vritten as 

If an^ event is governed by chance, then, it has a certain 
probability of happening,. This probabilj4;y will be a number between 
0 .and 1.' If we'use the letter '"^A" to represent the^e^ent of the 
coin showing heads, then we can call . ^ the probability of" the 
event A . This is the sam^- as saying that the measure of chance ' 
that the above statement is. true is . We can ;?*epresent the 
probability of the event A ^as '! ; 

• . ^ If we use the latter "b" to represent the event of the pioin 
showiTii tails, we are concerned with, the probability of B . We 
can represehi%t ^this. with the symbol P(:p) . Thus, 

p(B) ='4 - ■ - . - w 

It is important that you lunderstand that in the above case 
P(a5^ P('B) . That is, each event is equally likely to occur. Any 
two statements which predict events that are equally ■ likely have , the 
same probability. 

Suppose ydu have tossed an hionest coin five times and It shows 
heads each time. What is the probability that the coin will show ' 
tails on the next fcOss? - Soine people believe that the odds will 
change, that the forces' of "luck" will act to for^e the coin to - 
show tails until 'a balance of sorts .is restored between the showing 
'of heads and tails. IJot so! The probability th%t the c'oln^ will ' 
show Pleads remains ^ \ for each toss. In probability we do- not say 
that if the coin sho\^^|^s: ('on the '"first toss it must show tails 
on the seQoj^6^^^^.0m^^ the coin will- _3how 

Suppose you use two pennies. .What is the measure of chance 
that the statement "if two^cpins are ^ssed, one head and one tail 
Will show" is true?. That is, what is \he probability that the event 
of oRe head and. one tall showing will' a^cur. The table below shows 
that there are four likely outcomes: . , 
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"x" indicates that the event has 
ssible Outcomes oocurred> "o" that It did not, 

First )Coin .jSecond Cpln ; 

Heads o ' 

-TaHs . . X 
. Heads X 
Tails o 
Note that there are two outcomes showing one head and one tail. The 

probability that the event will occur is ^ or ^ . If we use the 
letter "E" to represent the event, we may. write, the following: 




) 



P(E) « I 



What is the probability that exactly: two heads will show if two 
coins are tossed. Check the truth table above . Of the four out- 
comes, how many ways are th^i§ for this event to occur? If we use 
)the letter ' "G" to represent the event, we- may write the probabil- 
ity of the event Q as 

Note that in this example events -E and G are not equally likely. 
Their probabilities are different. ^ 

.. When we find the 'probability of an event we shall say that we 
are estimating the probability from tbe best* information we have.' 
Me may s\immarize our results by a formula; 

Where P r'epresents the probability that an event E -will oceur 
t is the number of ways in which E can occur, 
s ■ is the total number of possible outcomes. . 
Thus this is a counting procedure. Later you will learn that- 
more advanced mathematical processes have been set up" to find prob- 
ability where counting is impossible. However, counting is' essen- 



I 



Er|c • : 



f 1 ^ » ^. 



• ■ 

Exercise 12"I 

'1. Two black marbles and one white marble are in a box. You are 
to take out, without looking inside the box, two marbles. Find 
the probabiJ^ity of the event that when, without looking, two 
marbles are taken out of the box, one ^marble is black and the 
other is white. 

Suggestion. Complete the table below. List all possible ' 
outcomes. Indicate w>ii6h outcome shows the event occurring 
with an "X" and those not o<icurring with an "O" . 
Possible^tcomes Occurrence of the Event 

? ? ' ? - . • 

. 2. Using the data in problem 1,. find P for the event that if two 
marbles are taken 'out of the box, both marbles will be black. 
.3. If three honest coins are tossed, what is t;he chance that three 
heads will show? (Sometimes we say "What is the chance?" when 
we mean '^What is the measure of chance that the statement is 
true?") Make a table showing all possible outcomes., 
4. Using data in problem 3, find P , for the event that if three 
honest coins *are tossed exactly one tail and two heads will 
show. (Note that, the number of events that can occur in this 
6ase is different from the number of events occurring in 
Problem 3. ) 

• 5. Three hats are In a* 'dark closet Two belong to you and the . 

other to your friend. Being a polite person, when your friend 
is ready to leave with you, you reach ip the closet and draw 
any two hats. ^What is the probability, that you will pick the 
two wanted hats? 

6. A full deck of playing cards contains 52 cards. There are four 
different suits, or groups, of cards: hearts and diamonds are 
■ colored red; spades and clubs are colored black. Each suit 
contains 13 cards, one-fourth of the total number 'Of cards. 
Each suit ^jontains cards numbered from one to ten inclusively ' 
' . and each suit also contains a Jack, a queen, and a king. 
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Find P • for the event that if a '^ard is drawn from a full deck 
of playing cards, it will be a spade. 

7. The cards marked as "ones" are called "aces." What is the 
chanae of picking ah ace from a full deck of cards?. - 

8. Find P for the following event i if a card is drawn from a 
deck it will be the ace of spades. 

9. (a) If a Joker (extra cardi/is placed in a .full deck of playing 

cards, what is the ollance of "drawing a queen from the deck 
in a single draw? ' . ' 

(b) Why are the measures of chance for problem 7 , and 9(a) 
different? 

10. Suppose a box' contains 48 marbl^$i Eight of the marbles are. 
black and forty ^f the marbles are: white. ^ 

(a) ' How manjr marbles are ther 6 altogether? 

(b) How many white marbles are there? 

(c) Find P for the event that if a marble is picked at ran- 
dom (without "looking in the box), it will be white. 
Reduce the fraction to lowest terms. 

11. In problem 10, what is the chance that the first marble picked , 
will be black? ^ 

12. Using the data for problem 1, consider the event "if, without 
looking, two marbles are taken out of the box, both marbles 
will be white." • ; 
i&X Is the outcome iii this case possible? 

(b) What measure of chance can we assign to such an outcome? 

13. Using the date in problem 3, find P for each of the follow- 
ing:" ■ ' . 

(a) If three honest coins are 'tossed, three heads will show. 

(b) If three honest coins are tossed, three tails will show, 

(c) If three honest coins are tossed,, two heads and one tail 
will show. ' 

(d) If three honest coins are tossed, two tails 'and one head 
will show. . . ' 

(e) Does P = 0» for any of the above? 

(f) Does P « 1 for any of the above? 



ERIC 



. ^ 413 

(g) Kind the sura of the probabilities for (a) through (d) 
above. You should get "l" . Why? 
♦14. Suppose you have five cards, the ten, jack, 'queen, king, and 
ace of hearts. ^ As you draw a card from the group you lay it 
aside. You do not replace the cards after each draw, 

(a) What is the chance that the first card you darw .is the 
ace? . ' 

(b) As&ume.you draw the jack on the first draw. "What is the 
chance that the second ceird you draw is the ace? " 

(c) Are your answers for (a) and (b) the same? .Why? 

(d) After drawing th^ jack, assume the second card you draw 
is the ten. What is the chance that the third card you 
draw is the ace? 

(e) What is happening to t^e' measure of chance as the number 
of cards dei^reases? 

*15. "He has a 50 - 50 chance-pf winning, the election." 

(a) What is the probability that he will win? ^ 
M Suppose' a measure 'of. chance is less than ^ . What does 
this m6ari in terras of the outcome ^of an event? Is the 
■'- outcome very likely or- not very likely to occur? 

*l6. Suppose you have tossed an honest coin nine "times and it- shows 
. heads each time. 

(a) Consider the above as one event. Is this event likely to 
octur? Explain your answer. ^ * . 

(b) What is the probability that the coin will show tails on 
the tenth toss? I 

(c) Dofis the outcome of the first 9 tosses' have any affect on 
the" tenth toss? 
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* ' • 12-2. Probability for^Modeajs 

In the previous exercise you determined the measure of chance, 
which we call ^probability, by listing, all possible crutcoraes, as in 
a truth table. This is easy when there are qnly one or two coins, 
but as the number of coins increases, it is <Aff;i(^ult to remember 
•all the p6ssibil^'tles or to avoid listing 'som^, possibilities twice. 
Let us see if we can discover an easy, accurate way to make these 
listings. 

' The table for two .coins shows this pattern: ( "h" represents 
heads and "t" represents tails.) 

/ Possible Outcomes - 

First Coin Second Coin , • 

. H • H " 

' • H T ■ . 

T H 

■ ' ^ T - T . • ■ ^ 

Note that the first column is grouped by twos; HH , TT . The 
second column is grouped alternately; H, T., H ,.T . Compare. the 
pattern in the table for two coins with the pattern in the table 
for three coins shown below; . ' , • 

Possible Outcomes ' . 

First C^in Second Coin' Third Coin 

^ H , H H 

H ' H , ,T ^ 

. H ^ 1 ,T . . p H 

H . T T 

T H H 

* • 

T . 1 H T 

« 1 * 

T I T - . H 

<p \ iji . ip 

Note how each column is grouped: the first by fours; the second by 
twos; the third alternately. " ' 

How many possibilities are there in the table for two coins? 
Note, there^SLre four. How many possibilities are there In the table 
for three coins? There are eight. Can you find a relation between - 
the number of sides (two) of, the coin, and the number (3f possible 
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outcomes? With two coins each having two^ sides thei»e are four 
possible outcomes. With three coins each having two side* there 
are eight- possible outcomes. Can you predict the number of possi- 
ble outcomes witbwfour coins? 

. If we use the number of sides, 2 , as the base,; and the number. 
Qf coins, 2 or 3 and so on, as the exponent, we can determine the 
number of possible outcomes without listihg them in table form. We 
need only determine the number represented in 'exponential notation. 
If, we use two coins there will, be . . . ' 

2 or- f possible outcomes. ■ 

If we use three coins there will be ... . 

3 • 
2 or 8 possible outcomes. 



We can express this result as a formula: 

,n 



T = 

Where T is the total number of possibilities,' 

. S is the number of sides of the coin or object used ■ 
' ■ (a cube or some other obje^i^with more than 

^-*t5jo f^ces may also b^Uused), 
n is the total number of coins or objects *used. 
Having determined the total number of possible outcomes, it is 
then easy to set up the table. Recall the patterns in the table 
•for two^ coins and the t^le for three coins. If we use 4 coins, 
how many outcomes must be listed in a^^able? using the formula 



T - S where S = 2 and n = 4 , we find . 

4 

T = 2 

; T = 2 . 2 . 2 . 2 

. T = 1^. ' 

! There are l6 possible outcomes with four coins'. What will the 
pattern be for the first column? The secorTd column? The third 
column? The fourth column? 

In making truth tables, such as those in seiiJbion 1 and those 
described above, experimental observations were not used. Rather, 
all possible outcomes of events were listed, as in the cases of 
tossing two or three coins. The probability is based or^ the out- 
comes listed in the table, or model as it is sometimes called. In 
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the tables -previously discussed we assiune that each separate possi- 
bility, or outcome, has the same chance of occurring. We say that 
each out 6ome is "equally likely to occur." v 

Sometimes vfe f ind it necessary to make observations and list 
the possible outcomes. OSiat is, we try to find the probability 
that an event will occur when we cannot list all possible outcon^s. 
For example, the table below shows a small ntmiber of weather fore- 
casts, only those from April 1 to April 10. The actual weather is 
also shown. ' J \ \ 

» Table \. / 

^"X" indi^fetes the ev|ent did* 
Date Forecast Actual weather occur, "0" that it jdid hot 

1. Rain Rain X 1 .' 

2. Li§ht_showers ' Sunny 0 

3. Cloudy Cloudy X 

4. Clear Clear ^ X 

5. Scattered Wairo and sxim^ 0 
showers 

6. Scattered Scattered X 
showers • showers ^ 

7. 'Windy and Overcast and X 

cloudy windy , % 

8. Thunder- Thunder showers X 

showers ^ . . 

9. Cleap Cloudy and 2*ain 0 

10. Clear Clear ' X ^ 

Observe that forecasts 1, 3, ^, 5, 7, 8, and 10 were correct.. 
We have bbserved ten outcomes. The event of a correct forecast has 
occurred seven times. Based on this information, the probability 
that future forecasts will be true is ^ . This number is the » 
best estimate that we can* make from the given infromation. In this 
case, since we have observed such a small number of outcomes, 'it 
would not be correct to say that our estimate of P is very accu- 
rate. A great mi^iy mgre cases should be used if we expect to make 
I a good estimate of P . Note^ tJjat the table above is similar to 
iables used in section 1, but in the a«bove table we \isted only ten 
mtcomes, not all possible outcomes. 
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A physicist cannot trace the inotion of a single molecule of 
oxygen^ in a rpom, but he can estimate the probabilitiy thaX an 
"oxygen molecule will hit one of the walls in a room IVi tke next 
second. To make such conclusions requires an understana of much 

J 

more mathematics than we can sl^dy in this unit. 

While probability has many uses in games suc"ffi as those men- 
tioned in section 1, the, theory of probability is Very important 
whenever we deal with ^ss events as the one mentioned in the 
previous paragraph. Mo^t events are compound events "that ara made 
up of many single events : ■ 

1. The occurrence of 30Q traffic deaths in the U. S. in \^ 
one day is a mass event, . 

2. The , occurrence of 20 absences in your school on Monday 
is a mass event This is made up of >many simple events 
such as: Terry came to school, Susan came to school, 

, ' Mark stayed home, and so on for all the students in the 

school . ^ 
Section 1. dealt with some simple events governed by chance. 
We assigned measures of chance, which we called probabilities, for 
the outcomes of these events. The numbers ^e used to repi'esent 
"P" were numbers like one-half, one -third, one -fourth, and so on. 
When we used a table to conclude that F(A) = ^ , we were writing 

an "estimate" of the probability. However, if we actue^oy-^ss an 
•honest penny once , we cannot predict whether it will y^^ow heat)s or 
tails. But if we toss an honest penny a million tinges , then it is 
almost certain that the/number of heads will be between 490,000 and 
510,000. The, ratio of Heads that show to the number of tails that 

show ^3Eli be almost certainly between and ^ . We cannot 

in this unit study ^all the mathematics required to make such con- 
clusions. ^We can get a clue, how:ever, of how to find the probabil- 
ity that an event will occur from, the information listed in a table. 

• Exercise 12-2 

1. A truth table shows all the possible outcomes for tossing 5 
■ coins.* Without listing them, determine the number of possible 
outcomes. 



A. Regular tetrahedron is a solid having four faces. The 
letters A,'B, C, and D are printed on th© faces.- 
(a) If a regular tetrahedron is rolled, how many possible 
ways are there for it to'' stop? (Note that in this case 
we will consider the side on which the object rests as an 
outcome. That is, the face that is the base may be 
. , marked A, B, C, 'or D. ) , • ^ 

■ (b) How many outcomes are there if two such tetrahedrons are 
rolled? . ' 

(c) How many outcomes aTe there if three such tetrahedrons 
are rolled? . ' • . 

(d) Find the measure of chance for the following statement : 
"If the tetrahedron is rolled it will &top on side A. ' 

The letters A, C, D, E, and F are printed on the side of a 
cube. . • 

(a) If one cube is rolled, how many possible outcomes are 
there? (We will consider the side facing up as the out-" 
come in this case.) 

(b) If two cubes are rolled at the same \lme, how many out- 
comes are there? 

(c) What is the chance that B *ill .show if one cube is 
rolled? 

(d) - What is the chance that two E*s will show if two cubes 

are rolled at the same time? 

(a) How many likely events are possible if a regular octahe- 
dron (an eight sided solid) i-s rolled? 

(b) How many outcomes are possible if two regula^ octahedrons 
are rolled simultaneously (at the same time)? 

Consider the following events J 

A. It rains on Friday, the 13th. 

B. • The sun shines c^n Friday, the 13th. • 

The following ta'ble d^hows the weather on 20 l^iday, "the 13ths. 
Using the information listed in the table, find P for the 
events A smd B. Based on the information in the table, 
which is more likely to occur over a great number of P!riday, 
the l3ths, ^ or B ? The first j>art is completed. Complete 
the table. 



■^Weather on '20 Friday, 
the I3ths 



"X" 



hi9 



indicates the event did occur. 
indicate^ the event did not. 







- A \ 


B 


1. 


Heavy rain 


X 


0 


2. 


Light rain 


X 


0 


3. 


Sunny 


0 


X 




Usually sunny. 








no rain 


? 


? 


5. 


Sunny 


? 




6. 


Scattered showers 




? 


7. 


Showers . • ■ S 




? 




Sunny 


\ 7 


?. 


9. 


Sunny \ 




? 

• 


'10. 


Sunny 




? 


11. 


Cloudjm no rain ^ 


* ? 


? 


12. 


Partly Clouc^ 


? 


* 


13. 


■ Cloudy with sqme showers 


? 


? 


,14. 


Showers 


? 


« 


15. 


Sunnv 




r 
• 


16. 


Sunny ... ; 


? 


? 


17. 


Hot an^ sunr^ 


" '? 


• 


^18. ■ 


Sunny 


• 


? 


19. 


^Cloudy and some showers 




? 


20. 


Sun% . . 


* 


? 



(Note:- it is possible that'^ neither event occurred.) 
There are 35. pieces of brAk of which 5 are gold. What is the 
chance* that if you pick a brick at random you will pick a gold 
one? (At random means "without iQoking".) • • 

(a) If one penny is tossed what is the chance that a head ^ 
shows? ' 

(b) How many heads would you expect to get if the penny is 
tossed 50 times? ^ 

An urn contains 5 white balls, 3 black balls, and 2 gray balls. 
(An urn is a cont^aine^ )like a jar or bowi.) 

{sl) What is the chance that you will pick a white ball in one 
draw? \ 

Ass\Bkng you pick a white ball the first time and did not 

I 
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replace it, what is the chance that, you will pick a bl^ck 
* . ball the second time? , ■ • • . ■ " 

(c)iic5;^ssi)felhg you pick a white bail the first tim^e and a black 
"the second time and did not, replace them, what is . 
chance that you will pick a' gray ball the third time? 
9. . V (^) -What is the chance of picking, the 9 of'spadfes frpm a deck 

of. C^ds?" y " ■ ■ * "■■ 

• ' • (b) What Xa the chance that some 9 will be picked from a deck 
'.of dards? ' i v "... 
1,0. Su|>pose on 'a regWiar dodecahedron, a Solid having twelve plane 
faces, 5 faces are colored white and -7 faces coipred black.'* 
If you, toss i€, what is the chance that it will stop witij^a 
white side down? ■ ^ , ■ , 

/*11. .Suppose you have six letter^ to be' delivered in different ^ 
' parts of' town. Two boys offer to deliver - them. ' In how mar^ 
' different ways can you distribute the. letters to the boys? 
, ,*12. IJhree cards are numbered^ liHe^-the ones below. rp . V 



. Without "booking at the numbers .you are to draw .an;^' twi> cards^ 
What, is the^hance <-that the sum of the two nu^ei*$ is odd? 
/*13. You are to; be placed in a linfe with two girl s^or t)'oys) , " one 
4,. of whom is your favorite . Wbgit is the projgability that you 

, . . , will stafid next to your favorite? 'In st^^t A problem we assume ■ ^ 
'll^'- ^ thafe yoti ai^e "not placed according to,, any plan (including your 
t^^; own). If you -crowd in ^ next to. your favorite, ahance" would not \ 
^ - -'plajif ;a role. * . « ' , \ 

If there *Lre 225 vhite marb4.es and 500 black marbles,, what is 

' V the change of picking- a black marblie on. the fir^t draw? - 
415. Wh^n six coins are t<>&s6d, what. 'is the chance that one and 
onij^fpne shovild turif' up 'a head? . 
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■ 12-3. Mutually Exclusive Events 

in mathematics we are always looking for general principles'- 
which describe a certain situation. In this se<5tion and the next 
we will identify two of the most important general principles of 
probability A , 

- Consi_d/r the following problem: 

• A dial and a pointer like the one illustrated will be u^ed for 
the problem.- The pointer spins and 

we can tell whether it stops at I, ' ^ . 

2i'3 or 4. What is the prol/ability / i>/\ 

that the pointer will ^top at an f \ 

even number? [4 / I 

, . There.^ar^ four possible out- \ / / 

comes. The pointer can stop at 1, • j * 

2, 3 or 4. The event in question 

occurs if it stops at 2 or 4, that is, the event occurs in two. out 
of the four possible outcomes. Thus the probability of the hand 
stopping at an even number is i . ' • 

• ^ " " . 

This event is a .cpmbination" of two • other events. J^t A b^ 
thfe,pvent of the pointer stopping at 2, and B be the event of the 
pointer stopping at 4.^ if we use the symbol' "A or B" to stand, 
for tlk event, either event A- or event B occurs, -^hen "A or b" 
is the event, of the pointer stopping; a't an even number. We have 
found that 



P(A or B) = I 



; Gould we find this probability by conjsiderinv -events^ A and 
B individually? We'knov? that • • ' • *^ *' -5i 

. ■ P(A) = ^ (Why?) ■ ■ ^ , ' 

S I 

•" ' ' . 'Hb) = ^ (Why?). ■ . 

If we add J- and j , the result is' | . How can we obtain 
P(A or B) from f'CA) "^and P(b) ? ' 

^ ^ ^ ■ . 

' ■ ' ' LL ■ ' 1 ^ 1 ^ 1 . ' ■ 

■ . - ^ ■ .. P(A 0?^B) = P(A) t"P(B)' " ' ^ ■ 



^ 



k22 . . , 

Many times (as in the above case) we "cai: add probabllltifes of 
individual events to find the probability of another event. INotice 
that in the. case ^bov^, the pointer could not stop at 2 and 
the same time (as a result of one spin). ' Po?* one spin' it had! to 
stop at ohe or, the other. Events Ji and B could not both ^cc^r 
at once. This' is one of the conditions that must be met befoi^e we 
*<jan add probabilities. Twd events which dannot occur , at onbe are 
-called mutjifelly exclusive events. > i' 

Prgpe^ty ; If A and B are two mutually exclusive evehl^s, 
sjihen . \ ' : ... \ ■ 

P(A or B) '= P(A) + P(B)' . * . \ 

♦ 1 
. This proposition- holds also wh§n' we have 3 or more mutually* 

exclusive events. ^ ' ■ ■ , ' \ 

Example: Use the definition to answer the following: \ 

The seven numbers are \ 

equally spaced. • 




The hand spins freely.. What is the probability that it wi3.1 
stop at an even number? . 

There are 3 sijngle events: A, stops at 2;, B.,^ stops at 4j 

C, ^tops at 6. The event whose probability we seek is A or B 

or C . Events A, B and C are mutually exclusive, s'iace 'th^e^ ^ 

hah<^can stop at only ^ one* of the numbers as the 'result of one . spin. 

Therefore, . , ' . ' ,' K-' ' , , ' 

' ' pCA^or^'B or 'C) « P(A) + .pCb) + P(C) . ' ' ' . 

P(A). = 1/f (Why?) Also P,(b) - l/? -and' P(C) = 1/7 ^ Z 
Thus ^ '^(Aor B orC) = l/7. + 1/J+ 1/7 « 3/7 ' . 

' ■ ■ • ... ■ ' ' ) 

Exer cis es 1 2-3 " . / ; 

1,. Mutually exclusive events then are events which cannot happen 
* at the same time. If one evept happens, the ^ other cannot.'. With 
this in mind,, which of the follawing events acre mutually exclusive ; 
(a) The 'event of throwing a head or a tail on. a single toss 
of a coin. • ' • ^ 



{b) The event of your mother makjlnfe breakfast or. your , going 
to school. • 

(c) The event of throwing. a head or of roiling a 3 on a die. 

(d) The event of 37olling a six sr a three on a cube with 
faces niiinbered I to 6. ' * .' 

(e) The eventN^f driving the car or going to the store. 

(f) The event of/feoing upstairs or goin^ downstairs. 

(g) The evenlj^df drawing an ace or a jack from a deck of * 
Gfards on a single draw. 

(h) - The event of running or sitting. 

(i) The event of talking to your teacher or of talking to 
your mother. • 

(j) The event of stopping the oar and of starting the car. ^ 
Use the formula to solve the fallowing problem. 




The i^umberS are 
equally spaced/ 
around the dial. 



What is tfie probability that the spinning hand will stop at 
an odd number? 




2 is a semi-circie 
1, 3 and 4 arfe ^teciually spaced 



Use^^he, formula to solve the, p'i»oblera: 

V[ha% Is the probability tt^t the spinning pointer* will stop 
at 'an* evpn number? • » 

(a) What 1^ ti^ probability of pbtaining a 6 or a 1 on one 
i'Oll of a, cube with, numbered faces? . * 

(b) ';What is the probability df not getting a 6 or a 1 on'on^ 

roll 6f a cube, with *humber^d faces^ ' " ' 

(a). In a bag there are 8 white b^ls and two red bails. 

Wlmt ,lB tne probaSilij^ of not'piokiffxg. a red ball in one 



0 
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draw? 

6. (a) What is the sum of " the probabilities in Problem 4 (a) 

and (b)? Can you Interpx-'et this as the probjfbility of a 
certain wsvent? * 

(b) What is the sum of- the probabilities in Problem- 5 (a) and 
(b).? Can you interpret this as the probability of a cer- 
tain event? r 

(c) Could you use the infof-mation which you hav/e obt^ned in 
parts (a) and (b) to solve Probelm 4(b) froirr-the results 
in Problem 4(a) and to solve Problem 5(b) froAi the re- 
sults in ft»oblem 5,(a)? 

7/ Let A .be any event. Let B be the event "A does not 

occur". Write an equation which relates- P(A) and P(B). 

8._ A, bag Qontains 3 white balls and/2 red balls. x 

i (ia)^^ j. 'What is the probability .of . draw4,ng ije^ ball on- the . 

first draw? ' ' ' ■ . 

(b) Suppose a white ball is drawn on^the first ^attempt ancj' 

not gut back in the. bag. What is the probability 'of now 

drawing a red ball on the, next' draw? ' , 

Note: This is an exa«ipl"e of sampling without replacements. - 

, After the first event happened, in this case a white ball- was 
\ . ■ . , • 

drattfn. It was not replaced. * ^ . , 

_ ■ ' ' •* . 12-^ Independent Events- 

\ in the preceding di3ci{sslon a formula was used to find proba- 
bilities when the event? were mutually exclusive. This is one way 

. ^ - * ' ^ 

to do such a problem. • We will now study a formula tor probability 

■y '^ , ' V \ • 

when one event has no effect upon another event, that is tiie two \ 
I / " » , ■ . V . 

events are independent of each other. 



Consider the tossing of a coin and the spinning of a pointer 
of a dial with 1, 2, 3 and k, equally spaced. If the coin Is 
tossed, no matter what side of the coin -appears up, this outcome 
has no effect upon the outcome of the spinning pointer. This is 
an eJcample of independenc|^ If we let A be the event of a head 
coming up when the coin is tossed and B be the event of the \ 
pointer stopping at 4, then A and B are independent events. 

^^f we^wlsh to find the probability of a head appearing and the 
15ointer stopping at 4 we are looking for the probability that both 
events wMT\occur. If we let "A and B" stand for the event " both 
^ and B iccur" then we are looking for - pCa a;id B) . 

gy risting all^ possibilities we obtain the following: 

{H ->L, H - 2, H - 3, H - 4, T - 1, T - 2, T -.3, T - 4] ' ^ 
^^The desired event is [H - 4) /one of eigl* possible outcomes. 

Thus, and B)^ = ^ . • ' 

. We can also solve the problem by finding P(a) and also 
P(B) . ' . \ ■ ^ ' 

P(A)'= I , P(B) = ^ . * 

^Notlce that' 4" ^ ? " B" ^^^^^ is probability that fim found for^V 
event (A a\d B) . In practice ^it is generally easier to use a 
.formula for this type of probability problem. 

-Property . If event A and event B are two independent 
events, " • 

then,. - . p(a and b) =„ P(a) • P(b) ■ * ' ' 

^ Example: You are taking a test of multiple choice questions 
where there are 5 choices of answers' for each question.- You have 
answered -all. the, questions 'except Qu-estibns 7 and 9 which are 
troublesome. By eliraindtlon, you know that the correct answer for 
.7 is one. of 2 selections, and the 'corre.ct answer for 9 is one of 3 
selection^'. You decide to guess. ^ Find? the -probability of getting 
7 and 9 correct-. ^ ' 



ua6 • ■ ■ ■ 

Let A be the event that yoii choose the correct answer tor 
Question 7, and B be the ev;^nt that you choose - the . correct answer 
for Question 9. Events A and 3, are. independent. (Why?) We are 
aalcing for 'P(A and B) . % .the property, we know that 

P{A and B) - P(A) • P(B) . • 

We also know that P(A) « | . (Why? What does it mean to "guess"?) 
Also P(B) . Therefore 

S * % 1 1 1 - , 

P(A and B) « • "I = . 

The probability of getting "bo^th Question^ 7 and 9 correct by gaess- 

1 ^ ' . • 

work is ^ . 

Exercises 12-4 

1; You toss a coin twice in succession. Let A be the event of 
heads, coming up on the first toss ' of the coin. Let B be the 
event of he^ds coming up on the second tos^.^ , 

(a) Are e^vents A and 1^ independent? Explain. , 

(b) Use the approi>riate property, to find the.^ probability that 
the coin will comeu^ heads on b^th tosses. 

2. (a) Can you state a property like throne in this section 

which holds for 3 independent events? Can you state -a 
property which .^olds for four independent events? For any 
number of -independent events? , 
(b) ' Find the piHDbability of. heads coming up each^of nine suc- 
. N^' cessive tosses of . a coin. 

3, Which of the following pairs of event^ are Independent? 

(a) Picking a black ball 'in two draws^ f rom a bag containing 

^ black and while ball-s if you do.^ n^t replace- the first ball 

.• ■ . drawn. '•" \ 

(b) Picl(;ing d bl^ck ball in two draws from a bag containing 
black and white balls if you replace the first ball .drawn. 

(c) ■ Qglng t9 school and becoming a lawji^er^ 

(d) Throwing a, 3 on a cube with numbered- faces and. tossing a 
• head on a coin. ♦ ' . 

(e) The "event of a day *)eing sunny and the event of it being 
- ■ cloudy^ ■ ^ , ' > . 



Your basket-ball team is to play team A and team B on two 
successive dates. It is estimated that* the probability of 
winning over A is 1/2 and over B ^is 2/5. > 

(a) What is the probability of your team winning both games? 

(b) if your team won the first game, what is the prdbability 
of winning the second? 




the four 
sections 
are equal. 




the six 
sections 
are equal. 



(a) 

(b) 
(c) 



l>lal A Dial B 

Both pointers are made to spin. Assuming both are honest, 
what is the probability that both will 'atop on' red? 
What is the probability that both wili stop on green? 
What is the probability that A stops on white and B 
strops on blue? 

If you have a cube with numbered faces and a deck of cards 
what is the probability of throwing a four and drawing a spade? 
If you have a bag of 5 black balls and k white balls, what is 
the 'chance of drawing 2 white, balls from the bag if one/is 
drawn ^knd then replaced? 

In rJroblem 7, what is the chance of drawing .two white balls if. 
the first one- is not replaced? 

If a committee of 3 is to be chpsen from, a class of 20 children 
and each child is as likely to.be j^osen as any other child, 
what is the' chance of you arid your two best friends to be 
chosen? ' ' . , 

10. A certain problem- is to be solved. The chance that one man 
* .will solve the problem. is 2/3/ ^The chance that another man 
^ .vgill ' solve the problem is 5/12'. What is the .chance that the 
problem not be solved when both men -^re independently working 
oh it? What is the chance that it will be solved? ' 
*l!l< When six coins are tossed, what is the chance that at l^ast one 
coin will, turn up a head? 



6, 



7. 



8. 



9. 
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12. BRAINBUSTER - 

Ten slips of paper numbered 1, to 10 are put in a hat and t ho- 
roughly mixed. Two slips of paper are drawn by a blindfolded 
pel^son. What is; the probability* 
I (a) That the numbers are both even?. 

(b) That the sum of the two numbers is even? ' 

(c) That the sum of the two numbers is divisible .by 3? 
• (d) That the sum of the two numbers is less than 20? 

(e) That the 'sum of the two'numbers is more than 20? * 

13. B^iAINBUSTER 

. Prom a deck of playing cards, five xjards ai?e drawn. What is 
the probability that ^ ' 

(a) four of the cards aj'e aces? ' 

(b) the hand contains an ace, a king, a queen, a Jack and a 
tien? ' ' • « 

14. BPiAINBUSTER \ - \ ' 

(a) A penny, a nickle, a dime and a quarter are thrown and 
exactly two come up heads. Whatsis. the probability that . 

. - one of those coming up a head is the dime? , * 

(b) If the same four coins ^re thrown and exactly three come* 
up heads, what ds the probability that one of the three is- 
the dime? . . • ' 

15. BRAINBUSTER : 

B'ive different coins ..are thrown (a half doller in "addition to"- 
those above). What is the' probability o^ each of the follow- 
ing? \ . ■. ' . : 
■ (a) If exactly .three come, up heads one Is a dime and one' is. a 
■ quarter . . 

(b) If exactly two" come up heads pne is a ".^lme. ,, 
, (c) That exac3;tly two come up heads and one o*f these is the ' . 
dime . , . • . 

(d) That exactly three come up lieads ,and two qf thesfe are a" 
dime and a quarter. ' ^ 

16. BRAINBUSTER .. ' ; * **■ ' 

. ^ ^There/are ten. sticks. One Is an inch long, one Xs 2 inches 
.\ Ion£^ and so on up to ten inches 'long. A person plcks^ up three 
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of these sticks without looking, vniat is the probability that 
he dan form a >trlangle with them? 
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